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ABSTRACT

The problem discussed is to obtain the solution of quadruple integral equations involving I-functions. The
method followed is that of fractional integration. The given quadruple integral equations have been transformed
by the application of fractional Erdelyi-Kober operators to four others integral equations with a common
Kernel. Here for the sake of generality the I-function is assumed as unsymmetrical Fourier kernel. Here with the
help of theorems of Mellin transform, the solution of Quadruple Integral equations is obtained. Some interesting

particular cases have been derived.

I. INTRODUCTION
V.P. Saxenal® defined the I-function, which is more general hypergeometric function than the Fox’s H-Function.

Saxena’s I-function is defined as,

2 [1.1]
[Elj.-aj)l ¥ (ali_ ’ali_ )I!'.H'l i 1
IR Lzl = 2 " P = —j t(s)zds
pii gQj ir Pji Qjir :
(hj’Bj)l,m!(hji’Bji)m+1n:j'l 2mi L
where
t(s) = T2, 0Ch; — Bs) 171 T(1 — g + a;s) [1.2]

=1 {Hjimﬂ F(1— by + B;5) n_?in+l I(a; - “}'LS:]}

Here P; andq; are positive integers and m, n are integers satisfying
0<n<pPL0<m<q; ,(i=1,2, i, ,0),ris finite.
cijﬁj, (Ijz., ﬁjf are real and positive and aj, bj, aﬁ., bfi are complex numbers such that

a}-[anrv) # By, (cx_;,--l—v) forv=0,1,2,....c.cccnn... s h=1,2, i m;i=12,. L.

L is a suitable Contour of Barnes type which runs from c-ico to 6+ico, (o is real) in the complex s-plane such that
the points

s= (a:}--l-v) / a; =12, a5 v=012,......... and
s:(b}--i-v) / ﬁ}- L2, m;v=0,1,2,............... lie to the left hand side and right hand side of the

contour L respectively. The conditions under which [1.1] converges are given as follows:
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A= Lisa— ; fnn1 @+ L B — X jeme1 By 1712 D) [13]
1 . 1.4
Bi = E(pl - Qi)+zj Zj 1 _.f 1 (=1,2,........ ,r) [ ]
1 _ [1.5]
A =0, Iar‘gzl??ml-andBi =0 SG=1,2 )

Mathurt obtained the solution of simultaneous dual integral equations involving I-functions.

Mathur® have also considered the formal solution of triple integral equations involving I-functions. The aim of
the present section is to obtain the solution of the quadruple integral equations involving I-functions. The
method followed is that of fractional integral operators. By the application of fractional integral operators given

equations are transformed into a equation with common Kernel.

Il. RESULTS USED IN THE PROOF OF THE SEQUEL
MELLIN TRANSFORM:
= [2.1]

M {f(x)} = F(s) =J- f(x)x""tdx

0

INVERSE MELLIN TRANSFORM C+HIw :

1 ctioa [22]

M~ Y E(s)l= f(x) = —J F(s)x ®ds
2mi S, .

For s = c+in, x>0
PERSAVAL THEOREM FOR MELLIN TRANSFORMS:
Let M {f (u)} = F(s) and M {a (u)} = A(s) then
M {a (ux)} = x “A(s) and
[2.3]

= 1
J. flux)a(uw)du = —J. x *F(s)A(1 — s)ds
0 2mi J,
FRACTIONAL INTEGRAL FORMULAE:
Fractional Integral formulae have been defined by Fox as follows:

x Pty fmsm1, € Td—e)T(e—cs) d_z__ [2.4]
L (xe —wve) SV dv T(d—cs) WX

e
providedd > e andE}J wheres=oc+itand 0 < x <1

and

N | 1 1 d
J (ve —xe)271 yz e T iy =
&£

cT(d—e)T(e+es) _=_, [2.5]
[(d+ cs) *
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e
providedd > e and- >0 wheres=cd+itandx =1
C

FRACTIONAL ERDELYI - KOBER OPERATORS:
Fox used the following generalized Erdelyi —Kober Operators:

m * [2.6]
T [y,e:m] {f(x)} = —x ym-etm-1 f (x™ — v™)Y~1 v f(v)dv,

Ty 0
where 0 <x<1
and

e 2.7

R [v.€:m]{f(x)} = I‘E"r .XEJ. (v™ — x™)¥~1 ymEvmEmel £y dy, (271
wherex> 1

The operator T exists if {(x)EL , (0,20),p = 1,y = Oand
€ > 2 and if f(x)can be differentiatedsufficient number of times then the operator T exists for
P

both negative and positive value of y.
The operator R exists if f(x)€Lp(ﬂ,m],p =1land If f(x)can be differentiated sufficient number of times
then the operator R exists.

-1
Ifm>gZ>= " while y can take any negative or positive value.

A THEOREM FOR MELLIN TRANSFORMS:

If M {f (u)}=F(s)and M {g (u)} = G (s) then

gy HT [2.8]
Lim G(s)F(1—s)ds

Bop = Ry(s) " 0 —ir

f T g f(du = —  lim
o 2L

Thus if f (ux) is considered to be a function of u with x as a parameter, where x > 0 then

M {f (ux)} = x"M{f(u)} [2.9]
From [2.8] and [2.9] we have
= 1 o +iT [2.10]
J glux)f(u)du=—lim x *G(s)F(1 —s)ds
o Zmwi T

B, =R,(s)" O0 -iT

Additional conditions for the validity of [2.1 0] are that
F(s) €L (05 — i, 0, + ic0)and

x1™% g (x) €L,p (0,00),p ElwhereLPdenotes the class of functions g(x) such that
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P dx [2.11]
f lg(x)[P.— < w0
0 x

I11. THE SOLUTION OF FOLLOWING QUADRUPLE INTEGRAL EQUATIONS
INVOLVING I-FUNCTIONS

= (a'.l }1 (ah :} +1,
e " TTE  f(u) d
J Bii 4jir ('h B} ( i le)m+1 . { } u= ¢’1 {Xj [31]
wherex€(0, a)
. 69, o).,
J " ) (b, B, }mm-[ )= . () [3.2]
where x€(a,b)
. 69, o).,
J " ) (b, B, }mm-[ )= s () [3:3]
where x€(b, c)
= (CJ G]:}i (ah JL:} +1,
i i TR () du = .
j Bii it (d] B} ( j-uﬂj-l) {lljl u q:’-l{x] [3.4]

m+1. g

where x€(c, w)

whereo<a<1land1<c<00.gh; (x), ¢, (x), 5 (x)andg, (x)are prescribed functions and f(x) is

unknown function which is to be determined. Applying Persaval’s theorem in the integral equations [3.1], [3.2]

,[3.3] and [3.4] under the conditions:

—Min, ;. R.(b;IB)< R, (s) < 1/a; - —Max,_;., R,(a,/a;) [3.5]
—Ming ;. R.(bIB)< R, (5) < 1/a;- —Max,_;., R.(c;le;) [3.6]
—Miny_;_, R.(d;/5;)< R (5) < 1/a;- —Max,_;., R.(¢;la;) [3.7]

|m’gx|<$?rﬂi s =12 L. [3.8]
where
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m [3.9]

D= Zﬁ Yar Y a-Ya
jentl j=mt+1l =1
wherei=1,2,....,7
then the integral equations [3.1], [3.2] ,[3.3] and [3.4]are reduced to the following forms:
1 J‘ T2 T(b; + B;5) [T721 T(1 — a; — a;s)
] q
2mi L {l_[_:llm+1r‘[1 b ﬁ}lsj H; n+1F[aji+“ﬁS]}

x°F(1—s)ds = ¢, (x) [3.10]
where x€(0,a)
1 J‘ [T2,T(b; + B;s) [T, T(1 — ¢; — a;5)
2mily i=1 {njimﬂ P(1—b;=5;;s) n?l:n o Dlay + “}'i‘g)}
x°F(1—s)ds = ¢, (x) [3.11]
where x€(a,b)
1 J‘ [, T (b + Bs) 172, T(1 —¢; — &;s)
2l i=1 {njimﬂ F(1—b;=B;;s) n?l:n s Ty + a}'is:]}
x°F(1—s)ds = ¢p3 (x) [3.12]
where x€(b,c)
1 J‘ aT(d; +B;5) 174 T (1 — ¢; — a;5)
2mi L ::1{Hjim+1r|[1 JBJLS] n; =n+1 [a}'i + “}'i‘g]}
x°F(1—s)ds = ¢, (x) [3.13]
where x€(c, o)
Here M {f(u)} = F(s) [3.14]

Now in integral equation [3.10] replacing x by v and multiplying both sides of the equation [3.10] by
(:'r:l"'ra" — pyt/an ]Cn_a"_l.v':l_':"jm“_land integrating both sides of integral equation [3.10]with

respect to v from 0 to x where x € (0,a) with 0 <a <1 and applying well known fractional integral formula [2.4]

in equation [3.10], we find
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1 J‘ ]_[;':“:1F[b}- + B;5) ]_[fz_llf'[ 1—a; —a;s) T(1— ¢, — a,s)

2ty i=1 {Himﬂ T(1-b;-B;;5) H?Lm 1 Tlay + a}'[‘g]}

1 ;
x *F(l—s)ds =——— . x%/%
a?‘ir[c?‘i_a?‘!j

f: [x 1;.&,;'1 _ vln"lﬂ:.'l ] I5.‘1._E.‘1._1 .vl:l_c.‘l}".lﬂf.‘l_ 1 ¢1 (V)dV [315]
where0 < x <1
Using the Erdelyi-Kober operator T from [2.6] in equation [3.15],

For brevity we write,

Tlej—a; , (L-¢)/a;-1:Ueay] {¢, (0} = T{$, ()} [3.16]
where x€(0,a)
then

T [cn_anf(l - Cn:]fﬁn —1: 1flllan:| {‘:bl (Xj} = Tn{‘:bl (Kj}[&l?]

wherex €(0,a)
Hence from [3.17], the integral equation [3.15] can be written as

1 [, T(b;, +B;s) [TEIT(1 —a — os) T(1 —c, — a,5)
2mi aj Bj

™ X {Hj=lm+1 F(1—by;-PBys) nj=ln+1 F(aj + oy Sj}

® °F(1— s)ds=T_{d, (x)] [3.18]

wherex€(0,a)

Now repeating the same process in integral equation [3.18]
forj=n-1,n-2,....... ,3,2,1
then the integral equation [3.18] takes the from

1 T2, T(b; + Bs) ILZ T(1 — ¢ — oy5)

iy i=1 {njilm+1 F(1—=b;-Bj;s) l_[jp;n+1r[ajl tay Sj}

n [3.19]
xF(1-s)ds = | [ 1(0, )
i=1
wherex€(0,a)

Now in integral equation [3.13] replacing x by 1 and multiplying both sides of the equation [3.13] by
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and integrating both sides of integral equation [3.13] with respect to v from x to co, whereX € (c. 00] with ¢ >
1 and applying well known fractional integral formula [2.5], We find,

LJ Hjnézi I'(d; +B;s) Hjn=1 I(1—c¢;—a;s)T(by + Bys)
2l =1 {Hjlllmﬁl F(1—b;-Bys) ijinﬂ F(ay; +ay S}}

x *F(1—s)ds

B 1
B BmF[dm_hm] .

T Em) Bm =l gy () dy [3.20]

= a)
+Pm/Bm J. [vifﬂm — xif}ﬂmjdm‘hm‘i
x

wherex > 1
Using the Erdely-Kober operator R from [2.7] in equation [3.20]

For breviety we write,

Rid;—b; . by/B; 1 1B;] {@s (x)} = Ry{$s (x)} [3.21]
where x €(c, «)

then

Rl =By, B/ B UB] {dbs ()} = R {b, (x)} [3.22]

wherex €(c,o)
Hence from [3.22], the integral equation [3.20] can be written as
1 2UT(d + Bs) [T, T(1 — ¢ — oy8) T(b,, + B,s)
2mi)y =1 {njilm+1 F(1—by;-Bys) l_[jp;n+1r|(ajl tay Sj}

X °F(1— s)ds=R_{d, (x)} [3.23]

wherex €(c, )

Now repeating the same process in integral equation [3.23] for

j=m-1m-2,............. ,3,2,1 then the integral equation [3.23] takes the form
1 l_[jnélf'[bj—i-[?:js] l_[j”:1f'[1—t:j — a;s)

2mly =1 {njilm+1 F(1—b;-B;s) l_[jp;n+1r[ajl tay Sj}

m [3.24]
xF(1-5)ds = | [ R(6, ()
i=1
where x€(c, o)
Now if we set
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[Tz T{e, (x)}  :x€(0,a)

b, (x) ;% €(b,c)
P(x) = 4 [3.25]
X) =
by (x) ; x€(b,c)
iz1 Ri{dy (x)} sx€(c.0)
\
then integral equations [3.19],[3.11],[ 3.12] and [3.24] having common kernel can be put into the compact
form as
1 I, T(b;+ Bs) [T, T(1 — ¢ — 5)
2mi {nthmﬂr‘[l b, -B; s:]l_[J 1o T(a o, s]}

x *F(1— s)ds = p(x) [3.26]

where x €(0,)
In order to solve the integral equation [3.26] , the additional condition required is that the I-function is
symmetrical or unsymmetrical Fourier kernel and f(u) is continuous at u=x. For the sake of generality we
assume that I-function is unsymmetrical Fourier kernel, In this case the parameters have to satisfy the following

set of conditions:

(I) ij_B E] n+l ]_ = m+1B E] 1':1 (|:1 2, ........ ,r)

(ii) by X = b R g =12, ) [3.27]
@ R (1-¢)— /2] = _?i (=120 n 120 )
™
W R (a4 /2)]1 =L (12 by sim1 2,
V) R.[(d; +B;/2)] = ; —L i (j=12,....m Li=1,2,..1) > [3.28]
(vi) R.[(1-b;) —B;/2] > —L i jemtl, qpi=12,.0)
_/
where
m Py aj n [329]
DLZZBJ_ o + B — &
i=1 j=n+1 j=m+1 ji=1

where i=1,2,.....,r

Now with the help of theorem V. P Saxena!®, we find its respective reciprocal kernel
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@, o [3.30]

[ le [ajl + D:J'l ’ajl )Ln 4 [:cj aj’aj)rﬁl,pi

pji 4Qjir

v [hjl —Bj; Py, )Lm ’ [bj + BJ’BJ)m+L a
Taking Mellin transform and making use of the theorem of V. P. Saxena(1971) in integral equation [3.26], we
have the following solution:

1,. i r 4 TR r 3
{ f I {IT2 . r.1-u.—ﬁj+ﬁjs.ni:nlr.‘.:].-ajsz,-}
£

f() = — I
) it T [L2,T(by By By 8) [T, T(1 -2y — oy —oy8)

% *P(1 —s)ds [3.31]

whereM {p(X)} = P(s)
Now using Parseval’s theorem in [3.31], we find the solution finally,

f(x) = Z J:H-l [ux]p(u)du [3.32]

IV. PARTICULAR CASE
If we put r=1 then the integral equations [3.1], [3.2] ,[3.3] and [3.4] reduce to the Quadruple Integral equations

involving Fox’s H-functions as given below:

(3.9) f(u)du=b, (x)

oo Hmn
“rﬂ ’F[ B;) [4.1]

ptn,.g+m

wherex €(0,a)

J‘:":Hmf1 s (UX/ [c]-’aj) f(u) du= ¢, (x)
o T (by By) ] [4.2]
wherex €(a,b)
Jy Bpingem U b, J) ]f(u) du=¢b5 (x) .
wherex €(b,c)
I HS’i’l,q+m[ a J) ]f(u) du=cp (%) ",

where x €E(c, =)

where 0<a<1 and 1<c<co and §4 (X) , b, (%), b, (X) and ¢, (x) are prescribed Functions.
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The solution of Quadruple Integral equations[4.1],[4.2],, [4.3]and [4.4]involving Fox’s H-functions is
obtained by putting r =1 in solution [3.32] and so ,far solution obtained is,

f(x) :fum H[ux]p(u)du [4.5]

V. CONCLUSION

In this paper , we obtain the solutions of quadruple integral equations involving I-function method using by
fractional integration.The given quadruple integral equations have been transformed by the application of
fractional Erdelyi-Kober operators to four others integral equations with a common Kernel.
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