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ABSRACT

We will introduce disconnected sets with respect to an ideal in topological space and give its relationship with
disconnected sets with respect to given topology and its *-topology. We also use these sets to obtain various
properties of Z-compact sets.
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I. INTRODUCTION

In [1], Csaszar, introduced disconnected sets as well as S; and S, spaces and discussed some properties of
compact sets using these sets. On the other hand separation and covering axioms with respect to an ideal and
various properties and characterizations were also discussed by many authors, for instance see ([2],[3],[6]).
Ideals in topological spaces were introduced by Kuratowski[5] and further studied by Vaidyanathaswamy[7].
Corresponding to an ideal a new topology T (Z, 1) called the *-topology was given which is generally finer than
the original topology having the kuratowski closure operator cl'(A) = A U A"(Z,7)[8], where A" (T,1) = {x € X :
U N A ¢ T for every open subset U of x in X called a local function of A with respect to ¥ and 7. We will write
1 for T(Z, 1).

The following section contains some definitions and results that will be used in our further sections.

Definition 1.1.[5]: Let (X, ) be a topological space. An ideal ¥ on X is a collection of non-empty subsets of X
suchthat (@) p e T (b) Ae Tand B € T implies AUB € T (c) B € Tand A c B implies A € I.

Definition 1.2.[1]: A topological space (X, 1) is said to be S, space if for every pair of distinct points x and v,
whenever one of them has a open set not containing the other then there exist disjoint open subsets containing
them.

Definition 1.3.[1]: Let (X,t) be a topological space. Any two subsets A and B are said to be disconnected if
there exist disjoint open subsets of X containing them.

Definition 1.4.[2]: An ideal space (X,t,T) is said to be compactness modulo an ideal or simply T-compact if
for every open cover {V,| a € A} of X, there is a finite subset Ay of A such that X- U{V, o € Ao} € T.
Definition 1.5.[3]: An ideal space (X,t,T) is said to be T-regular if for any closed subset F of X and any point x
€ X whenever x & F then there exist disjoint open subsets U and V such that x e U and F-V € <.

Definition 1.6.[6] : An ideal space (X,t,) is said to be T-normal if for any disjoint closed subsets F and F” of X
there exist disjoint open subsets U and V such that F-U € T and F’-V € .

Theorem 1.7.[2]: Let (X,t,T) be T-compact space and A be t -closed subset of X. Then A is T-compact.
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Il. RESULTS

We begin by introducing the following definitions of disconnected sets with respect to an ideal.

Definition 2.1.: Let (X,1,T) be an ideal space and A,B be two subsets of X. Then A and B are said to be T-
disconnected if there exist open subsets U and V suchthat A-Ue I, B-VeTandUNV e I.

Definition 2.2.: Let (X,7,T) be an ideal space and A be any subset of X. Then any point x € X, x and A are said
to be I-disconnected if there exist open subsets U and V such that xeU, A-VeTandU NV e I.

Remark 2.3.: It can be easily seen that if A and B are disconnected sets then A and B are also T-disconnected,
since ¢eX. But the converse is not true as can be seen from the example below:

Example 2.4.: Let X={a,b,c}, =={¢, {a}, {b}, {a,b}, X} and T={ ¢,{c}}. Consider A={a,c} and B={b,c}. Then
A and B are not disconnected because X is the only open set containing A and B. But there exist open sets
U={a} and V={b} such that A-UeZ, B-VeZ and UNVeZ.

The above Example 2.4 also shows that A and B are T-disconnected but A and B are not disconnected with
respect to *-topology since ==t . And the following Example 2.5 shows that the converse is not true.

Example 2.5.: Let X={a,b,c}, =={¢, {a}, {b}, {a.b}, X} and T={ ¢,{a},{b},{a,b}} and so T =g(X). Consider
A={a,c} and B={b,c}. Then A and B are obviously disconnected with respect to ', but A and B are not I-
disconnected.

Remark 2.6.: It can be easily seen that if A and B are disconnected with respect to T then A and B are also
disconnected with respect to t . But the above Example 2.5 shows that the converse is not true.

Therefore, for any two subsets A and B in an ideal topological space the relationship of disconnected sets with
respect to topological spaces can be seen below.

a) A and B are disconnected in (X, ) = A and B are -disconnected.

b) A and B are Z-disconnected # A and B are disconnected in (X, 1).

c) A and B are disconnected in (X, T) = A and B are disconnected in (X, T) # A and B are disconnected
in (X, 7).

d) A and B are I-disconnected ¢ A and B are disconnected in (X, T ).

iii. Applications of T-disconnected sets

Theorem 3.1.: Let (X,1,%) be an ideal space and A be any subset of X and K is T-compact subset of X such that
A and every point of K are T-disconnected then A and K are T-disconnected.

Proof: Let yeK be any element, then A and every point of K are T-disconnected implies that there exist open
subsets Uy and V, such that yeU,, A- V, eX and U,N V,eX. Therefore, K c U{U, : yeK}. But K is T-compact
implies that there exist finite subset K’ of K such that K-U{U, : yeK’} € T. Now consider U= U{U, : yeK’} and
V = N{V, :yeK’} then K-U e T and UNV € T. Also A- V, € T for all y eK’ implies that U{A- V, :yeK’} € T
and so A-N{V, :y eK’} e T and so A-V e Z. Therefore, there exist open subsets U and V such that A-V € T, K-
U e T and UNV e T and hence A and K are T-disconnected.

Corollary 3.2.: Let (X,7,%) be an ideal space and A be any subset of X and K is T-compact subset of X such
that for the subset A and every point x of K, there exist disjoint open subsets U, and V, such that x € U, and A-
V, € T then there exist disjoint open subsets G and H such that A-G € ¥ and K-H € T.

Proof: Proof is similar to that of Theorem 3.1 and hence is omitted.

For our next results firstly we define S, mod I spaces.
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Definition 3.3. : An ideal space (X,t,%) is said to be S, mod  if for every pair of distinct points a and b in X,

whenever one of them has open subset not containing the other then there exist open subsets G and H containing
a and b respectively such that G N H € <.

Theorem 3.4.: Let (X,1,%) be S, mod I space and K be T-compact closed subset of X. Then for any point x¢K,
x and K are T-disconnected.

Proof: Let K be T-compact subset of X and xZK be any element and so X-K is open set containing x but not
containing the elements of K, since K is closed. Further, X is S, mod I space implies that for all y €K, there
exist open subsets U, and V, containing x and y respectively such that UyN V, e . Therefore, for the subset
A={x}, A and any point of K are T-disconnected and so by Theorem 3.1, A and K are Z-disconnected i.e. x and
K are T-disconnected.

Corollary 3.5.: Let (X,1, ) be S, space and K be T-compact closed subset of X. Then for any point x¢K there
exist disjoint open subsets U and V such that x eU and K-V € T.

Proof: Proof is similar to that of Theorem 3.4 and follows from the fact that in S, space for any two distinct
points, if one of them has open set not containing the other then there exist disjoint open subsets containing
them and hence is omitted.

Theorem 3.6.: Let (X,t, T) be an ideal space and (X,7) be S,. If K is an T-compact 1t -closed subset of X, then
for any point x¢K, x and K are T-disconnected.

Proof: Let K be T-compact subset of X and x¢K be any element and so X-K is T -open set containing x but not
containing the elements of K, since K is 1 -closed. Further, (X, ©) is S, space implies that for all y €K, there
exist disjoint T -open subsets U, and V, containing x and y respectively. But the collection f = { V-1 :V € t and
| € T} will form a basis for the *-topology T [4]. Therefore, there exist open subsets Gy and H, and I, I’y € |
such thatx € G-, c Uy, andy € H,-I’y c Vyand so (G, N Hy)-(l,uI’y)) = (G, -I)N(H,-T")) c U, NV, =
¢ implies that Gy N Hy € T. Hence for the subset A={x}, A and any point of K are T-disconnected and so by
Theorem 3.1, A and K are T-disconnected i.e. x and K are T-disconnected.

Theorem 3.7.: Let (X,t, I) be S, mod T space and K;, K, are T-compact subsets of X. If K is closed and
KiNK,=¢, then K; and K, are T-disconnected.

Proof: Let Ky, K, be two T-compact subsets of X and also K; be closed subset of X such that K;NK,=¢ then for
all x € Ky, x¢ K;. Therefore, by Theorem 3.3, we have x and K, are T-disconnected. Further, by Theorem 3.1,
K, and every point of T-compact subset K, are disconnected implies that K; and K, are T-disconnected.
Corollary 3.8.: Let (X,t, T) be S, space and K, K, are T-compact subsets of X. If K; is closed and K;NK,=¢,
then there exist disjoint open subsets G and H such that K;-G € T and K»-H € T.

Corollary 3.9.: Let (X,t, T) be an ideal space and (X,7') be S,. If Ky, K, are T-compact subsets of X and K is
1 -closed such that KiNKy=¢, then K; and K, are T-disconnected.

Theorem 3.10.: Let (X,t, T) be S, mod T space and K be an T-compact and F be closed subset of X such that
KNF=¢ then ¢l (K)NF=¢.

Proof: Let K be an T-compact subset of X and F be closed subset of X such that KNF=¢. If one of K and F is
empty then nothing to prove. So consider the case when both K and F are non-empty. Let y eF be any element
then we have to prove yécl (K). Now KNF=¢ implies that K cX-F and so X-F is open set containing the

elements of K but not containing y. Further, X is S, mod T implies that for all x eK, there exist open subsets Uy
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and V, containing x and y respectively such that U,NV, € T. This implies that for the subset A={y} and any

point of T-compact set K are T-disconnected and so by Theorem 3.1, A and K are T-disconnected. Therefore,
there exist open subsets G and H such that y €G,K-H € T and GNH € T and so GNK € T. Thus ygK". Also ygK
implies that cl”(K)NF=¢.

Theorem 3.11.: Let (X,1,T) be T-regular space and K be T-compact and F be closed subset of X such that
KNF=¢. Then K and F are T-disconnected.

Proof: Let K be T-compact and F be closed subset of X such KNF=¢. Then for all xeK, KNF=¢ implies that
x&F and so X is T-regular and F is closed implies that there exist disjoint open subsets U and V such that x eU
and F-VeZ. Therefore, F and any point of T-compact subset K are T-disconnected and so Theorem 3.1 implies
that K and F are T-disconnected.

Theorem 3.12.: Every T-compact S, space is T-normal.

Proof: Let (X,1,T) be T-compact and S, space. Consider A and B be any two disjoint closed subsets of X, then
A and B are also T-compact using Theorem 1.7. Therefore, Corollary 3.8 implies that there exist disjoint open
subsets G and H such that A-G e T and B-H € ¥ and hence X is T-normal.
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