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ABSTRACT

Matrix summability is one of the important summability methods. Different researchers have worked
on |Algp summability of infinite series with real sequences. In this paper a new result on |4, po.g.lk
summability of doubly infinite lower triangular matrix has been established that generalizes a theorem
of E. Savas and B.E. Rhoades on summability factor of double infinite weighted mean matrix.

MSC: 40F05; 40D15; 40G99
Keyword Absolute Summability; Double summality; Double weightedmean; Summability

factors; Infinite Series

I. INTRODUCTIO N

Let A be a lower triangular matrix.For any sequence (s,,) the n'" term of the A-transform of it is defined by

13
A, = E nySy.

v=0

A series Y a,, is said to be summable |A|, k = 1, if (see [3])

D kA, — Ay |F < oo (1.1)
n=1

Let A = (Gmn i) be a doubly infinite matrix. It is said to be doubly triangular if a,,;x = 0 for j > m
or k > n. For any double sequence {s,,,} ,the mnt" term of the A-transform of {Smn} is defined by

i3

n
Tmn = E AmnpwSpw-

p=0v=0

For any double sequence {,,, }, we define

AIllu'.in‘n. = Umn — Um+in — Um ntl + Um+1,n4+1-

Similarly for any fourfold sequence v,,,;;, we define
-'ﬁl 1Vmnii = Umnij — Um41lnii — Umnilig + Um1 a+1d g

-ﬁi_f?"mnij = r-"mr.t'j - Um.n.z'—l.j - 1:ﬂ4.'ﬁ.l'.j—| + ]'m_n_‘i—l.j+]-.
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ﬂktJ;iiJmnaj = Umnij — Vm,n,i.j+1 and

A 0Vmnii = Ymnii — Um,n,it+1,5- (1.2)

A double series Zmem with sequence of partial sum {s,,,} is said to be summable |A|,, & = 1,

if .
Z Z(m71)k_l|A11Tm—1:n—1|k < o (1.3)
m=1n=1
We define the mn'® term of the double weighted mean transform of a double sequence {s,,, } by
tn = ‘pi:z Zpsjﬁsj.
i=0 j=0
where Pon = Z Z Dij
i=0 j=0

Further, a double infinite weighted mean matrix is said to be factorable[1], if there exist sequences (py, ), (¢,)
such that pmn = pmgn for every m and n.

A double series z Zbﬂm is said to be summable [N, pr, gnli, k= 1, if

oo oo k-1
Z z (%) |[Antm—_1n-1 k< oo, (1.4)

and the series Z Z by 18 summable |A,p,, g, ek = 1, 0

k-1
(%) AT 1 |* < o0, (1.5)

Clearly, if we take amni; = %, the |A, P, ¢n|r summability is the same as [N, py, g | summability.

Associate with the matrix A, we consider two doubly triangular matrices A and A as follows:

m n
Amnij = z zamnpu_- m,m,i,J = 0, 1,2,
p=iv=j
and
nij=8bm 1145 mn=012_. (1.6)

Note that dgopp = @gooy = Qoooo-

m n
Let Ymn denote the mn® term of the A-transform of a factored doubly series Zme.J\pvk Then we
p=0v=0
write

moon I

Ymn = Z z Omnuv z Z bt'j)‘ij

u=0v=0 i=0 j=0
m L m

= Z Z biinj Z z Omnuv

i=0 j=0 p=i v=j
m T

= z Z bijAij8mnij-

i=0 j=0
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Then we have

&llym—l,n—l = Ym—-1n-1— ¥mn-1—Y¥m-1n +ymn

m—1n—1 m m—1
= E E biiAijim—t 145 — E E bijAijlm 1,
i=0 j=0 i=0 j=0
m—1 n
§ bUA 3ﬂ'm 1.m.i.j + § § bUA 3ﬂ'mm3
i=0 j= i=0 j=0
m n
= E E 'b'\j’\ajﬂmnlj E Om—1,n—1,m,j
i=0 j=0
m—1
- § inA'mam l.m— 1\n+§ b\n’\tnamn 11n+§ E."rrmA jam l.n.m,j
i=0 i=0 =0
m n
= E bijAijlimnij,
i=0 j=0
sinece
am—-1,n—1,m.j = Bm—1,n—1lin = Gm,n—1in = Cm—1,nmn = 0

But as b, = Sm—1mn—1— Sm—1,n — Sm.n—1 + Smn,

Ma

Allym—l.n =

I
o

n

E mn\'jAe‘j(Si—l.j—l — 8 15— Sij_1+ Sij)
i=

1

m—1 n

El
a
|

'lm,n.i+1:j+1)‘i+1:j+13ij_ E E ﬂm.n,f+1,j+1f\{+1,j5e'j

i=0 =0 i=0 =0
m n—1 m mn
- E m‘n,i‘j+1‘\t"j+151’j + E E amnij)‘t'jst'j
i=0 j=0 i=0 j=0
m—1n—1 m—1
= E ﬂij(ﬂmmj/\fjjsij - g am:n=i+l.ﬂAt’+1:nsén
i=0 j=0 i=0
n—1 n m—1
- am:n:m.j+1/\m,j+1,n+lsmj + E amnmj)\m.jsmj + E aﬂmn\'nAénSiﬂ
=0 i=0 i=0
m—1ln—1 m—1
= E E Ay (i Aif)5i5 + E (AsolimmninAin) Sin
i=0 j=0 i=0
n—1
5 -
+ E (&Djﬂmnmjkmjjsmj + dmnmnAmn Smn.
=0

Note that we may write
NipdmninAin = AinNiolmnin + fmoni+1 nNioAin
and

ApjlmnmiAmi = AmjAojlmnmj + Gmon,m.i+1 80 Am;j,

so that
m—1 n—1 m—1
Z (ﬂ-éuamnm)‘énjsm + Z(ﬂajﬁmnmj)tmjjsmj = Z [/\e‘nﬂ-mammn + ﬁm.n=i+1.nﬂm/\m]5m
i=0 j=0 i=0

n—1

+ Z [‘)\mjﬂiﬂjamnmj + a-'.|T::1't:rria._'r'+1f‘J—\‘CIj/‘\-1'?1._1']S:rraj-

=0
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(1.7)

(1.8)
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It is easy to establish that for any two double sequences
Ayj(u5v55) = v 85u5 + (Dojtiz ;) (Dioviz) + (Baotts 1 ) (Dogli) + Uipr, 5418455 (1.9)

II. KNOWN RESULT

E. Savas and B.E. Rhoades [2] has proved the following result for |N, pn, g | summability of double infinity
series.

Theorem 1. Let (p,,). (q,) be sequence of positive numbers satisfying
(1) PmQn = O(mnpmgn) as m,n — oo,

Let X, be a given double sequence of positive numbers and suppose that s,,, = O(X,,,,), as m,n — oc.
If MAnn 15 a double sequence of complex mumbers satisfying

W)Y D 55 (AmalXima) = O(1)

m=1n=1
m—1n-—1
(1ii) |f5-0jf\fj|ij = 0(1),
i=0 j=0

(iv) z Z | Ao | Xy < oc,

i=0 j=0
m—1ln—1

(v) Z Z [ A i3] X5 = O(1), and
i—0 =0

) DD (A X )* = 0O(1),
i=0 j=0

Then the series Z men)\mn is summable | N, po, gn ek = 1,

. MAIN RESULT

The aim of this article is to generalize theorem-1 for double absolute factorable matrix summahility.

Theorem 2. Let A be a doubly triangular matrix with non-negative entries satisfving the conditions

{1} ﬂl]ﬂ.m—].n—l.i,j = 0
n n—1
(i) Gmniv = Y G100 = b(m, ),
v=>0 v=0

m m—1
E Amnp,j = E Am_1npuj = G’l:ﬂ’!j)‘.
=0

=0

{iii]ﬂmnij = m'l-r{ﬂm.n+],t’,jam+1.n.3.j} for m = i,n=7, and ih,j= 'D_. 1‘. sees

and

{i\-') Z Zamnéj = O(l)~

i=0 j=0

Let { X mn } be a given double sequence of positive numbers and suppose that {s,n} = (X n) as m,n — oo,
If {Amn} is a double sequence of complex mumbers satisfying
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(V} z Z amnmn(|Amn|an:]k < 00,

m=]1n=1
m—1ln—1
(vi) z z |Aajij | Xij = O(1),
i=0 j=0
(vii) Z Z [AspA; | Xy < oo,
i=0 j=0
m—1n—1
(viid) D3 AN X = O(1),
i=0 j=0
and
() 303 (AmnlXomn)* = O(1),
i=0 j=0

Then the series Z Z brunAmn 18 summable |A, p... g, |k, B = 1, where (p,,). (g,,) are sequence of positive
numbers such that

(x) meanand qu:Q"
m=1 m=1

and

{XI) Qpnmn = 0 (me“)

Proof. In order to prove the theorem, it is necessary, from (1.3), to show that

z z ( an) |311ymn| < oo,

m=1n=1

From (1.9),

Aij(dmnizAiz) = Mijhij(@mnis) + (Aojlm.n.i+1.5)(Aioiz)

H(Biotm nii+1)(BojAi) + Gmonisr 541865 (3.1)
Using(3.1),
m—1n—1 m— ln—l
1.3{‘1:11'113 if STJ ?j ‘ﬁajamﬂlj} + (‘ﬁ'ﬂjﬂm n,i+1 j}(AIO*‘\lj}
i=0 j=0 i=0 j=0
HAsobim,n,ii+1)(Aos Mi) + Bmonirnge1(DagAig)]si;. (3.2)

Therefore, using (1.7), (1.8) and (3.2}, we may, write

9
fé“ll?:l".l'.l't—l.:l'l—1 = ZTmnP
r=1
Therefore, using (1.7), (1.8) and (3.2), we may, write

9

ﬂl11?:"1'1':—1.:!1.—1 = Z Tmnr-

r=1

From Minkowski’s inequality, it is sufficient to show that
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P k—1
Z Z ( ’“Q") T < 00, for r = 1,2,...,0.
ST\ Pmin

Using Holder’s inequality,

M+1N+1 k-1
Py
=33 () et
M+1N+1 P Q k-1 fm—-1n-1 k
=0(1) ) > (ﬁ) 30D 1A | Xy

i=0 =0

i Q m—1n—1 m—1ln-—1 kot
=0(1) z (pmqn) Y D Al [ X |As5mni;]
— mdn )

i=0 j=0 i=0 j

From (1.6),
Gmnij = A18m_1 014

ﬁm—l,n—l.e’,} ﬂm n—1.4.5 ﬁm—l,ﬂ,i.j + amﬂij

m—1ln—1 m n—l1 m—1 m m m
= L. In—1,pw — g § amn—lpt E g O ln,,y.:, E E amnp‘r.l:
p=i v=j p=iv=j p=i v=j p=iv=j

SINCE Q1 mm,y = Gmn—lpn = U

Using (1.2) and property (ii)

m n

.
Amniy = E E '[a'm—l.n—l.,p.e: “Oma—lpr " Cm_lnuw + am.n._u.v)
p=iv=j
i—1

m—1 i-1
=Z[b{m—l.p) Eﬂ-m ln—lpt_b(m#}+za-mn Lp,v
H=1 v=0 v=0

i-1 j-1

—bm—1,p)+ Z Om—1npw + Bm, p) — Z -
=0 v=0

3
I

3
L

(_ﬂm—l.n—l:p:v + Amn—lyw + Um—1mnuy — ﬂm.n:p:v)

1M

ey,
i
L
E
i
= e,

(_am—l.n—Lp:v +a1n.n— lpw + Am—1nuv — ﬂm.mp:l')

v=0 p=i
i—1 i-1

= [a(m—1,2)+ > am 1140 +a(m,v)
=0 p=0n

P
|
N

i i
Amn—1pw + a(m - 1‘.1-;') - Z Am 1 mpy — ﬂ(m1 U] + Z G-m.n.,u:v]

=
Il
=]

w
|
-
[
|
—

Anam_ 1 n-1ue = 0. (3.3)

h ]
I
o
a
Il
=

Using (1.2) and (3.3),
i i—1 i i

st = (555 E B oo

__§ ﬂl11'5'4'71 1,m— 111+E alll*j-m—l'l't 14w

=Anm_1n_11;. (3.4)
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and from condition (ii),

m—1n—1 m—1n—1
Z z ‘j‘ajamnlj Eam—l:n—l.i.j - a'm:n—l.i.j - am—l.n:i.j + amnij)
i=0 j= i=0 j=0
m—1
= (b(m —1,1) —b(m,i) —b{m — 1,i) + @y 1 nin + B(M,0) — Arpin)
i=0
m—1
= Z (ﬂ'm—l.n,é.n - ﬂ-mnm)
i=0
=a(n,n) —a(n,n) + dmnmn-
Then
N M+1 N+1 P Q k—1
Com Y Y Y (2222) (amomn) = s
i=1 j=1 m=i+1ln=j+1 Prmtn
M N M+1 N+1
=0(1) ZZ(|‘\EJ|XU}k Z z [Ai8mnis]-
i=1 j= m=i+1ln=j+1
Using (3.4),
M+1 N+1

0< E Z | Asjitmmig)|
m=i+1ln=7j+1
M+1 N+1
= Z Z (@m—1n-1i4 — @mn-1ij — Cm—1nij + Smnij)
m=i+1 n=j+1
M+1

= E (@m—1ji4 — @m—1.N+1.4,j — Omjij + Cmn+1.ij)
m=i+1

= Qijij — OM+1,5.4.5 — @i,N+1,ij + OM+1,N+1,i.j
= Gy (3.5)

Hence, using condition(v),we get

M N

=0(1) )Y au;(|Ai]X5)* = 0(1).

i=0 j=0

Next,using Holder’s inequality,

M+1N+1
Q K
= ( mn |Tmn2|
m=1 n=1
M+1N+H1 Q -1 jm—1n—1
= ( - ") (Aojm,n,i+1,5)(DioAis)sis
m=1 n=1

i=0 j=0

1

= O(l}lwil NZH (Pan)k_l ri_l "i |Aﬁﬂjam,n,i+1:j|f'—ﬂiéﬂ)‘éj|Xij}

m=1 n=1 \ Pmin =0 j=0
k—1

m—1ln-—1
X Z Z [Avjlim it oA | Xz

i=0 j=0
Using (3.3) and property (ii),

i j-1

0<bmnivj= E E AnGm_1n_1pw

p=0v=0
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m—1n—
= Z{a-m—l‘n—l‘p,i: —mmu—1lpv —Qm—1nuuv +am:'l't‘j..l‘1')
p=0 v=0
m—1

(b(m — 1, p) —b(m,p) —b(m — 1, p) + Gm—1.npn + (M, 1) — Gmnpw)

Il
11

(am—l:n,}l.n - &mnp.r.')-

=
Il
<}

=]

=a(n.n)—a(n,n) + Gmnmn.
Since

[Aojlm nit1,i] < Gmnitni + 8mmitl 41,

using properties (vii},

N M+1 N+ P Q k-1
mign k-1 »
—otl}ZmemXU DS ( ) O LV PSR
i=1 j= m=i+1n=j+1 Pmin
M 1\' M+1 N4+l
=0 ) Akl Xy D Y [Aojimnissl-
i=1 j=1 m=i+ln=3j+1
From (2.3)
M+4+1 N+1 M+1 N+l
3> Y Avjtmnig =001) 3 D (Gmnis1s+mmisrgen)
m=i+1l n=j+1 m=i+1n=j+1
M+l N+l i
oy % (zzx_\.“am RTINS o) SPUTI. )
m=i+ln=j+1 =0 v=0 p=0v=0

Using conditions (i),(i1) and (iv),

M+1 N+1 i j—1

Z Z ZZAU&T"—LH—L#J-

m=i+1n=7j+1 py=0v=0
i J-1 M+1 N+1
= Z Z z Z (am—lzﬂ—L}Ll' —Amn—1,pv —dm—1npv +ﬂ-m:n#‘1.)
p=0v=0m=i+l n=7+1
i -1 M+

= Z Z Z (ﬂm—l.j:}l:v — @m—1,N+1,puv — Tmjpuv +am:h"+l.p:1-)

p=0v=0m=i+1

i -1
= Z Z(&i,j.p.v — M 41 pw — G Nty +F EMEIN+Luw)
;..l._l]t 0
= Zlbtz 1) = @05 — DM + L) + anr 1,55 — bli p)
}.I._
N+1 N+1
+Zaaj\'+lp1 +'b M 41, P— Za\f+11\'+1‘p.1.]
v=j

i N4+l
= z —@i jui T OME1 gt Z {ﬂt‘.N+1,p.v; - ﬂ.\-f+1:;'\'+1.p.=.-,)
p=0

v=j
M+1 N+1 M+1
= —a(j,j) +a(j. ) Z AN +1,5.u.5 T z a(N +1,v) —a(N +1,v) Z M 41N +1,0,0
p=i+l v=j p=i+l
M+1 N+1
= Y Y amsns1uw =O0(1).
p=itl v=j
Similarly,
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M+1 N+1 i

z Z Zzﬁuﬂ-m 1,n— 1419,—0{1) (3.6)

m=i+]ln=j+1 u=0wv=0

and hence I; = O(1) by property (vii).
Similarly, we can prove that Is = O(1).

Using Holder’s inequality,

M+1N+1 Q k—1
I, = ik ") Tonal®
XX ()
M+1 N+ Q m—1n—1 k
=0(1) Z Z ( = n) z Z |am.n.i+1:j+l||Aij)‘sj|X{j
m=1 n=1 i=0 j=0
k—1
M+1N+1 Q k-1 [m—lrt—l -‘ ’Vm 1n—1
0(1) Z Z ( - n) Z Z |G i1 41 || D Aig | Xy | [ i1 g1 || D5 Aii | X5
o1 ne1 » Pmin [e‘=n =0 J L1=u =0 J

From (2.3) and property (ii),

D{—:&m.n.é+1.j+1 Zzﬂllﬂm l,n—1,u,v

u=0v=
m—1n—1

E (@m—1m-1pv —ma-lpy —Gm—1npy + Gmnpw)

v=

I

ElR
il
-2

(b{m — 1, p) — b{m, ) —b(m — 1, g} + am 1,040 + b(M, p) — Gmnpe)

Il
T

Il
(]

(&m—l:n.}a.n - amn_pv)-
p=0

=a(n,n) —a(n,n) + tGmnmn-

Using properties (ii), (iv) and (viii),

N M+1 N+ P Q k-1
_O{\l}ZZ|&"‘-JA?‘J|XU Z Z (pﬂlqn) {amnmnlk_llam:n:i+l.j+l

i=0 j=0 m=i+l n=5+1

m—1 N

=0(1) Y D |AuA; Xy
i=0 j=0

= 0(1).

Using (1.8) and Hélder's inequality,

M+1N 'Q
Is = = n) T 5 :
z (men | mn |

m=1 n=1
M4+1N+ —1 |m—1 k
an s
= E g AindAiolmninSin
m=1 n=1 Pmin i=0

M+1N+1 Q m—1 k
= O(l} Z ( - n) (Z )\m|ﬂm&mnm|xén)
=0

m=1 n=1

M+1N Q — m—1 m—1 E—1
=0(1) Z (;’q") > |a.mamm|(|,xm|xmj’*} x> |am&mm|]

m=1 n=1 A i=0 i=0
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From (1.6),

» _
Ajplmnin = fﬁm(ﬂ-uﬂm—l:n—l.a.n}

- &éﬂ{am—l.n—l.‘i.n — Gmpn—lin — ﬁm—l:n.é.n + ﬁmnin)
m—1 m
=Ap | — E Am—1,n,vn + E Omnun
p=i p=i
= —lm—-1,nin + Amnin < 0.
Using property (ii),

m—1 m-—1
Z |Ai0&mnin| = Z (am—l,n—l‘i.n == amnin)
i=0 i=0

= a(n, n) == U.(Tl, n) + @Gmnmn.

N+1 M M+1 k-1
= 0(1) Z Z(I/\ianin)k ( Z (%) (a‘mnmn )k_llAiO&mnin[)

n=1 i=0 m=it1 \ Pmin
From (2.7),
M+1 M+41
Z |Ai0amm’n| — Z (am—l.n,i.n Ear amnin)
m=i+1 m=i+1

= Qinin — QM +1,n,in < Qinin.
Therefore,by property (vi),
Is = O(1).

Using Holder’s inequality

I — Mfil Z an T k
T Prntin l mn|

m=1 n=
_1 ke

N
Z !lm,n.s+1:n[f3wAm)5m

M+1
= an)

mz=1 n=1 (pmgn e
M+1N+1 0 .
Z Z ( m n) (z |ﬁm.n.i+l:n||{ﬂ§o/\€n)|Xin)

m=1 n=1 i=0

M

k

M+1N+1 Q -1 [m—1 m—1
M3 (2 ) > |am.ﬂ.s+1,n||{a.m/\m)|Xm] [Z 10| (Bioin) X

i=0 i=0

Using (1.6), and condition (i),

Om ni+ln — al1’?’1—1,11'.‘,—1:'|'+1‘|l'a - ﬁ-1'7'.\‘:1—1,‘1'-1—1,:“ - a‘n‘t—l,:ﬂ‘i+l:n + ﬁ'1'ra,1l'.‘,,i+1:1't

m—1 m
= - E am—1npn+ E Am,n,p,n

p=itl p=itl
i i
= —a(n,n) + zam—l,n.p,n +a(n,n) — Za‘m:n:p,n =0
=0 =0
m—1
'<_: Z (am—l,n‘p,n - am,n:p:n)
u=0

= E[nr n) - ﬂ(n,n] + Gmnmn-

I[JARSE
ISSN (0) 2319 - 8354
ISSN (P) 2319 - 8346

1564| Page




International Journal of Advance Research in Science and Engineering

Vol. No.6, Issue No. 09, September 2017
www.ijarse.com

Thus, using condition (vii),

M4+1N+1 Q m—1 m—1
Li=0(1))" Z ( - ") (@mnmn)* | D |am.n.i+1:n||(amf\mj|xm]
m=1 n= i=0 i=0
N+1 M+1
- G'[l) Z Z |‘ﬁ10)‘1n|X‘m Z |‘1m n,i+1, nl
m=1 n= m=i+1
Using (3.3) and condition (ii),
M+1 M+1
Z |am,n:i+1,ﬂ| = Z Z(am Lngn— Omnu, n)
m=i+1 m=i41l u=
i M4+l
= Z Z {a'.m—l.n:p:n —am.ﬂ#.n}
p=0m=i+1
= (@inpn — aM41n0.0) < aln,n) = O(1).
p=0
M N+1
=0(1) Y > [Aiodin| Xin
m=1 n=1
Iz = 0(1).
Using Holder's inequality,
M+1N+1
-3 3 (B
=1 n=1
M+1N+1 k-1 jn—1 k
— Pan) - .
= — Amj(Bojlmnm;)Sm;
Ly ()
M+1NH1 Q n—1 k
—om Yy (e ) S Do [ Botmn) Xons
m=1 n=1 i=0
M+1N+1 0 - [n—l -‘ "n—l -|k'_1
=03 3 (B s (sl | |5 s
m=1 n=1 lj=0 J Lj:ﬂ J
From (1.2),
&mnmj = am—l:n—l.m:j - am,ﬂ—l.m,j - {im—l,n:m.j + ﬁ=1'n.r|.:m,j
n—1 n
= — z mn,n—1,m,j T Z m,n,m,j
v=j v=j
Therefore
-ﬂﬂj&mnmj = —lm,n—1,m.j + Cmmm.js
and using properties (i) and (iii),
n—1 n—1
Z |-&0j&-mnmj| = Z(am.n—l:m.j - ﬂm:n:m.jj
j=0 §=0
= b{m,m) — b{m, m) + aGmnmn.
Using properties (ix),
M+1N+1 N+l P Q k—1
=0(1) 3 3 (Amil Xms)* (ﬂ) (@mrmn )~ |Agjmnm;
m=1 n=1 n=j+1 Pmdn

3 Ai0Xin| Xin
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=0(1).

Using Holder inequality,

M+1N+1 Q
Iy = Z( = ”) |Tm5|’°

m=1 n=1 Pmln
M+1N+1 Q k—1|n-1 k
= (pﬂ;q:) Z&m,ﬂ,mdﬂ{ﬂﬂj)"m:ﬁ}smj
m=1 n=1 =0
M+1N+1 n—1 k
—omY. % ( ’“Q“) (Z am,ﬂ,m:jﬂmogmgxmj)
m=1 n=1 j=0

M41N4+1 [n—l n—1

=0 > 3 ( an) . lzﬁm,nmﬂl{ﬁoj)‘mﬂxmj} {Z fm,r,m, g1 (DogA

m=1 n=1 j=0 j=0

Using an argument similar to that for the proof of Iz, and using properties (vi) we get
I =0(1).

Finally using (1.7), properties (i1} and (v}, and we that dmnmn = Smamn.

+1N+1 Q k—1
B3 3 (B)

Pmn
M+1N+1 Q k-1
=0(1) > > (ﬂ) (@mnmn)* ™ (Gmnmn) (A | Xomn) ¥
ot mey & Pmin
— O(1).

Which completes proof of theorem-2.

IV. CONCLUSION
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