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ABSTRACT

Degree of approximation of functions of different classes has been studied by several researchers by
using different summability methods. In the proposed paper a new theorem has been established for
the approximation of a signal (function) belonging to the W (L., £(t))-class by (N, pn, gn)(E, s)-product
summability means of conjugate series of a Fourier series. The result obtained here is a generalization
of several known theorems.
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I. INTRODUCTION

Fourier series and operators are considered as representations of funections or signals and they are of incredible
significance in both hypothetical and practical areas. For real and complex sequences working with infinite
matrices the summability method is directly related to broad area of engineering and sciences. The approxi-
mation properties for the periodic signals in L"(r > 1)-spaces, Lipschitz classes Lip(«), Lip(a, r), Lip(&(t),T)
and weighted Lipschitz class W(L,, £(t)) through a Fourier series is known as Fourier approximation. The
engineer and scientist uses the properties of the Fourier approximation for designing digital filters. Especially
Psarakis and Moustakides [9] presented a new L, based method for designing Finite Impulse Response digital
filters for getting optimum approximation. In a similar manner, Ly-space, Lo-space and L.o-space plays an
important role for designing digital filters for getting optimum approximation. The approximation of signals
belonging to various Lischitz classes through trigonometric Fourier series using different summability mean
has been proved by various investigators like Lal [3], Mishra and Sonavane [4], Mishra et al. [5], Nigam
and Sharma [7], Pradhan et al. [8] and many others. Subsequently, Nigam and Sharma [6] has proved
a theorem on the approximation of functions belonging to W(L,,£(t)) class by (C,1)(E,g) summability
means of conjugate series of Fourier series. In an attempt to make an advance study in this direction, in this
paper, we have proved a new theorem on the approximation of functions belonging to W(L,., £(t))-class by
(N, P, qn)(E, s)-summability mean of conjugate series of the Fourier series which generalizes several known
results.

Il. DEFINITIONS AND NOTATIONS

Let Y up be a given infinite series with the sequence of partial sum {s,}. Let {p,} and {g.} be sequences

of positive real numbers such that,
n n
P, = Zpks Qn = Z Gk,
k=0 k=0

and
R, =pPodn +MGn-1 + -eeeeee +Pnl}0(# 0)1 Pa1=41= R ;=0

The sequence to sequence transformation,

— ]_ n
¥ _
t, = H—ﬂgpk%%, (2.1)

1596 |Page




International Journal of Advance Research in Science and Engineering
Vol. No.6, Issue No. 09, September 2017 JARSE
www.ijarse.com ISSN :;1}]3;:::;::

defines the (N, py, q,) mean of the sequence {s,} generated by the sequence of coefficients {p,} and {q,},

and it is denoted hy V.

It hm t\ — 5, then the series Y u,, is (N, p,,q,) summable to s.

The necessary and sufficient conditions for regularity of (N, pp, ¢n) summability are:

(i) Pk _, 0, for each integer k > 0, as n — oo, and
T
n
(i) ZPka < C|Ry|, where, C is any positive integer independent of n.
k=0

The sequence to sequence transformation,

1 " /n
By = ——— e 2.2
" (1+S)}I§(U)S Sus ( }

defines the (E, s) mean of the sequence {s,} and is denoted by E}.
If E5 — s as n — 0o, then Y u, is summable to s with respect to (£, s) summability. Also (E, s) method
is regular (see [1]).

Now, we define a new composite transformation (N, p,, gn) over (E,s) of {s,} as

TNF = ; ZP.UIA (E}) = ZP:«Q;&{(MLS;CZ( ) } (2.3)

It TTE — s asn — o0, then Y u,, is summable to s by (N, p,,,¢,)(E, s) summability method.
Further as (N, p,,q,) and (E, s) method are both regular, so (N, p,,,q,)(E, s) method is also regular.
Thus, we may write, . -

TP =t (Ey(sa)) = s (n = o0).

Remark 1. If we put g, = 1 in equation (2.3), then (N, P, qn ) (E, 8)-summability method reduces to
(N, pn)(E, s)-summability. Again if we put p, = 1 and g, = 1 in equation (2.3), it reduces to (C,1)(E, s)-
summability.

Let f be a 27 periodic function belonging to L7[0,2x] (r > 1), with the partial sum s, (f), then

n
o +Z(ak cos kx + by sinkx). (2.4)
2 =

Sn(f) =

The conjugate series of the Fourier series (2.4) is given by

Su(f) = Z(akcoskrfbkamk:c) (2.5)
k=1

Here, as regards to signals (functions) belonging to various Lipschitz classes we may recall that,

(a) f € Lip(a), if
|flz+t)— flx)|=0(t]) for 0 < a< 1, t > 0;

(b) f € Lip(a,r), for 0 <z < 27, if

1
™

(/ |flz+t)— f(r)wd:.c) =0(t|") for0<a <1, t>0, r>1;
[0,27]

(e) f € Lip(&(t),r), if

1

e

If(x+1t) = f(2)ll- = (f[oz | [flz+1) - f(x)lrdﬁ) =0(&(), r =1, t>0,
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where, £(t) is any positive increasing function;

(d) f e W(Ly,&(1)), if

E1

[Lf(x +1) = f(x)]sin” z]|,

(f |[f(z+1) = f(z)] sin” :cr dx)
[0,2m]

= 0((#),5>0.

Remark 2. If we take g = 0, then W (L., &(t))-class coincides with the class Lip(&(t), r), if £(t) = t®, then
the class Lip(£(t),r) coincides with the class Lip(a,r) and if r — oo, then Lip(a,r) class reduces to the
Lip(e) class.

Furthermore, as regards to the norm in L., and L,-spaces, the L.,-norm of a function f : R — R
is defined by
| flloe = sup{|f(z)| : z € R}

and L,-norm of a function f: R — R is defined hy

1
v

[ £ll- = (f[tm ]If(x)l‘"d:r) ,r>1

The degree of approximation of a function f : R — R by a trigonometric polynomial {¢,,} of order n under
[|-]|ce is defined by

[tn = f(@)lloo = sup {|tn(z) — f(z)| : = € R}

and the degree of approximation of E,(f) of a function f € L, is given by
En(f) - Iltlln th - f“r
We use the following notations throughout this paper:

Y(t) flx+1t)+ f(r—1t) and

n k t 1
~ B 1 1 E\ ,_,cos5 —cos(v+3)t
K, (t) = R kz_opk% {mg (U)S T .

sin

2

1 . 1
T= m ,where 7 the greatest integer not greater than e

1Hl. KNOWN THEOREMS
Dealing with the product (F,1)(C, 1) mean, in 2011 Nigam and Sharma [7] proved the following theorem.

Theorem 1. [7] If f, conjugate to a 2m-periodic function f, belongs to W(L,,£(f)) class, then its de-
gree of approximations by (E,1)(C, 1) means of conjugate Fourier series is given by

_ 1
EC) — fl|, =0 1)+ [ —— 3.1
[Eey - 1l =0 {m+1e (57 ) } (31)
provided £(t) satisfies the following conditions:
(?) be a decreasing sequence, (3.2)

(1 (20 )=o)
{f_ (%)‘ﬁ} =o{n+ 1}, (3.9

S

and

1598 |Page




International Journal of Advance Research in Science and Engineering
Vol. No.6, Issue No. 09, September 2017

I[JARSE
11« - ISSN (0) 2319 - 8354
www.ljarse.com ISSN (P) 2319 - 8346
where § is any arbitrary number such that s(1 —48)—1>0, £ +1 =11 <r < oo, conditions (3.3) and

(3.4) hold uniformly in =, (EC)} is the (E,1)(C, 1) means of the series (2.5) and

flz) = —% foﬁ w(t) cot-%tdt (3.5)

Dealing with the product (C,1)(E,g) mean, in 2012 Nigam and Sharma [6] proved the following theo-
rem.

Theorem 2. [6] If a function f(x), conjugate to a 2m-periodic function f(z) belonging to elass W(L,, £(t)),
r > 1, then its degree of approximation by (C, 1)(E, g) product means of conjugate Fourier series is given by

= 1 1
|CLER - f|. =0 {(” +1)Ftre (n—-l—l) } (3.6)
provided £(t) satisfies the condition (3.7),

t
(?) is non-increasing in t, (3.7)

([ () sraf =o(2)
([ () a) oo,

and

n+1

where 4 is any arbitrary number such that s(1 —4) —1 >0, L +1 =11 <7 < oo, conditions (3.8) and
(3.9) hold uniformly in =, CLEZ is the (C,1)(E, g) means of the series (2.5) and

f(z) =—% f w(t) cotétdt (3.10)
0
provided

(1+a)" Y (1+9)*=0m+1). (3.11)
k=1
IV. MAIN THEOREM

The objective of this paper to prove the following theorem.
Theorem 3. If a function f(s:) conjugate to 27 periodic funetion of f(z) helonging to class W (L., £(t)),

t
r > 1, and integrable in the Lebesgue sense in [0, 27], then its degree of approximation by (N, pn, qn )(E, s)-
summabhility mean of conjugate series of Fourier series is given by

7 = Al = 017+ () b (@)

provided £(t) satisfies the following conditions:

t
{%)} be a decreasing sequence,

{ /{Tﬂ (r|;gr))|)rsmsrm}% 0 (il) 43)
{f[ . (W)dt} =0{(n+1)°}, (4.4)

EES

and

where § is any arbitrary number such that s(1 —d) —1 > 0,2 + 1 = 1, conditions (4.3) and (4.4) hold

uniformly in x, ﬁ is the (N, pn, qn)(E, s) mean of conjugate series of Fourier series (2.5) and

flz) = 7% /; ¥(t) cot %tdt. (4.5)
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To prove the theorem we need the following lemmas.

Lemma 1. [K,(t) =0(n), for 0 <t < ﬁ

Proof. For0<t < ﬂ#ﬂ, we have sin nt < nsin t.

n k t ) 1
K. 1 1 k\ ,_,cos % —cos(v+ )t
K, (t = N v 2 2
KO = 55 gm‘ {(HS)R Z() e
n k t r . . 3
1 1 k\ j_, (cos5 — cosut.cos g + sinvt. sin 5)
- § < ‘
Q"L'Rn ;pqu {(1 -+ S)R T,Z=D (I') ( S]n%
n ke t 2t
1 1 k\ ., [cos5(2sin®vs) |
- Uk e - it
2m B kZ:;kaQR { (L+s)k UZ:D (t')s ( sin § T
N 1 K\ 4 ot t )
< R, ;Pkgk { T+ ; (_y)s (O(Qbmt§ blnl§)) + v alnt}
1 ™ 1 ko sk
< . k—v O(v Olv
=~ 2R, ;pkg"{(1+s)k§(.l,)5 (O) + (t))}'

= Ofn).
Lemma 2. |Izl(t)\ =0(%), for -

Proof. For %{-1 < t < 7 and by using Jordans lemma, Siﬂ% > % and sinnt < 1.

Bl = 5o, ;pqu {(Hls)k 2::) (’;)Sk—v cos § —;zs%(v + é)t}
ﬁ (%) ki;opk% { a +ls)k g (i“) gk (cos %(251112 L%) + sin Lt)}‘
< gpk% { e Z: (E)SL_}

_ O(l)_
t
V. PROOF OF MAIN THEOREM

Following Lal [2], the nt* partial sum s,,(f) of the series (2.5) is given by

cos L —cos(n+ 3)t

~ 1
nl@) ~ f@) = o /[ I
)T 2
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Further, using (2.5) the (E, s) transform of &,(f) is given by

Ss _ f(p) — 1 Y(t) 5= (7 ek ot 1
E;—f(z)= e 5" j[o,n] Sin% {;ﬂ (k)s (co&. 5 cos (k + 2) t)}dt.

— —~NE
Now, denoting the (N, p,.q,)(E, s) transform of &,(f) by T,, , we have

— n , k
~NE =~ 1 () EN -y t 1
T, —fla) = o, ZPkaf sini{z (U)s cos§—cos v+§ t dt
k=0 [0.7] 2 Lv=0
= [ +/ }w(t)f?:,(t)dt
0,351 [+ 7
= I, + Ix(say).
Now,
<[ poIRo.
[0,5%7]
As,

Wl t) — (@) < |flutz+t)— flutz)| +[flu—z—1)— flu—x),

so, by using Minkowski’s inequality,

=

U [ +1) - v(a)} sin 2 a‘rr] < { f [{futz+1) = fluta)}sin’ 2’ dx]
[0,27] [0,2n]

+ f Hf(u-—ﬁ:—t)—f(u—x)}sin-sxrdx]r

[0,2m]

= 0((1).

Furthermore,
feW(L, &) = v e W(L,£(1)),
thus,

t(t)sin’ ¢ (1)K, (1)

. dt.
£(t) tsin® ¢

\Il\ﬁf
[

1
0, 5¢1]

Now, using Holder’s inequality and Lemma-1, we have
t(t) sin® t

1] < (f[ﬁl 30 df)
X (lim f M dt) for some (O <e< L)
£—0 le n+ 1

tsin® t
_ o ( 1 lim j 'g(t).Ol(n)
n+1/ \=0 e it] tsinf ¢

n . £(t)
¢ (ﬂ + 1) (‘-ll—%f[s.ﬁ]

tsin® t
Also, by 2nd mean value theorem, we have

o)

ole(eh)

1
eyl

1
dt) by (4.3)

1

s s
dt) |
1

1 s =
f[sq‘q (t‘”) dt}
1
f—s(148)+1 2]
(—s(1+;5)+1) .

[11]
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[t—w“—é)} w
0
1 —(8+3) ) )
( T 1) (sincer ' +s ' =1)
n

(n+ 1)5+%}. (5.1)

u;qs]
1

=

Il
Q
——
ey
P
=
— | =
—

Il
<
——
s
O
=
= 4+
—_

Next,
t=0y(t) sin® t £(6)Kn(t)
£(t) Tt sin ¢

dt.

By using Holder’s inequality and lemma-2,

L < ( /
[=L5.7]

=)

3| (t)| sin? £ |
&(t)

() Rn(t)|

A

1
dt)

Il
;3
+
=

s.__\
/“"‘\
"?;
Gn
+
™
~—
m
=
— " ?
=
™
X!

|
——
—
3
+
—_
R
——
—
F
T
)
o~
e
E
1| =
=l |-
| | —
™
\..,______/’
Rn:‘i:u
=
—
w
=3
—_
N
]
—

Again, by using 2nd mean value theorem,

i = ofws s (Z ([ )
el ey
= O{(n+1 ( —— ) ((n +1)% ‘5“_‘)}
= 0{(n+1)F+7¢ , since (rt+s7=1). (5.2)
e ()
Now, combining (5.1) and (5.2), we have
7 A = ofwere ()} 6:3)

Now, using L,-norm, we have

Ilf;WEffu,, = {/:ﬁo{(nﬂ)m;{ (nil)}rdsr}i
O{(n+1)5+%5 (nl 1)} (f:wdw)%
|

- 0 {(n+ 1)5+7¢ (n+ 1) .

Which completes the proof of the theorem.

-+

Corollary 1. If we put 3 = 0 in Theorem 2, then the generalized Lipschitz W (L",£(t))-class reduces
to Lip(£(t), ), where, £(t) is any positive increasing function. The degree of approximation of f, conju-
gate to 2m-periodic function of f, belonging to Lip(£(t),r) class by (N, pn,qn)(E, s)-summability mean of
conjugate series of Fourier series is given by

||ﬁ“_’E—f||T=o{(n+1)%s( ! )}-rzl. (5.4)

n+1

Corollary 2. If we put 3 =0 and £(f) = t*, 0 < t < 1 in Theorem 2, then the generalized Lipschitz
W (LT, &(t))-class reduces to Lip(a,r). The degree of approximation of f, conjugate 27 periodic funetion of
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[, belonging to Lip(a,r) class by (N, pn. ) (£, s)-summability mean of conjugate series of Fourier series is

given by
—~NE - 1
| T —f”,,:O{i,}, D<a<l, r>1. (5.5)
(n+1)2—~

Corollary 3. Ifweput3=0,£(t) =t",0 < a < 1andr — oc in Theorem 2, then the generalized Lipschitz
W(L",&(t))-class reduces to Lip(a). The degree of approximation of f, conjugate 27 periodie funetions of
f. belonging to Lip(a) class by (N, pn,qn)(E, s)-summability mean of conjugate series of Fourier series is
given hy

-1

—~—NE .
1T, — flle=0{(n+1)""}, where 0 < a < 1. (5.6)
VI. CONCLUSION

There are various types of results concerning the degree of approximations of periodic signals (functions)
belonging to the different Lipschitz classes are reviewed. The theorem in this paper is an attempt to

establish the approximation of the signal (function) belonging to the W (L, £(t))-class by (N, pp, g,)(E, 3)
summability mean of conjugate series of Fourier series, which is the generalization of several known theorems.
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