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ABSTRACT

A Steiner triple system of order n is a collection of subsets of size three, taken from the n-element set {0, 1, ...,
n—1}, such that every pair is contained in exactly one of the subsets. The subsets are called triples, and a block-
intersection graph is constructed by having each triple correspond to a vertex. If two triples have a non-empty
intersection, an edge is inserted between their vertices. It is known that there are 345,147 Steiner triple systems

of order 29 up to isomorphism. In this paper, we attempt to distinguish the all isomer groups of the STS systems.
Keywords: Steiner triple systems, order, combinatorics, construction, permutation

I.INTRODUCTION

In 1847, Reverend Thomas P. Kirkman published “On a Problem in Combinations” [11] that first answered
questions on the existence of what would later be called Steiner triple systems. The problem he considered was
to find a collection of subsets of size three, taken from the n-element set {0, 1, ..., n — 1}, with the property that
every pair is contained in exactly one of the subsets.

This problem was a specific case of a more general question on combinations posed by W.S.B. Woodhouse in
1844. Several years later, Jakob Steiner, apparently unaware of Kirkman’s article, similarly asked about the
existence of various designs, including the one solved by Kirkman. It was Steiner’s name that was eventually
used for the systems, although Steiner himself did not offer any solutions. Such systems were an early example
of what are now known as balanced incomplete block designs in the field of combinatorial design. Kirkman’s
name did become associated with a related topic that originated with “Kirkman’s schoolgirl problem,” in which

he wanted to arrange fifteen girls into sets of three such that each girl was paired with every other girl once.

This describes a Steiner triple system, but Kirkman added the condition that the thirty-five sets of three be
expressible as seven partitions of {0, 1, ..., 14}. The triple system would then describe a week-long schedule for

1 daily walks where the fifteen girls were in different sets each day. In the same year his question was
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published, Kirkman offered a solution, as did Arthur Cayley [5]. Kirkman also asked about orders other than 15
for which an analogous problem could be solved. These designs are a subtype of Steiner triple systems often

called Kirkman triple systems, and we will revisit this idea below.
Here, we are going to introduce the general enumeration and construction of the STS systems of order 29.

I1. INTERSECTION GRAPH

From an STS(n), different graphs can be formed. For example, if the vertex set is {0, 1, ..., n — 1} and n is an
admissible order, then defining an STS(n) is equivalent to decomposing Kn into triangles (copies of K3). But a
different sort of graph can be constructed by taking the vertex set as B, that is, every triple in the STS(n)
corresponds to a vertex. If two triples have a non-empty intersection then an edge is inserted between their
vertices. The resulting graph is known as the block-intersection graph. It is this graph that will be considered as
a possible way to distinguish Steiner triple systems of the same order. By construction, the block-intersection
graphs are finite and simple.

Given a Steiner triple system, a matrix is built to 4 serve as an adjacency matrix for the BIG. The code cycles
through the list of triples, entering a “1” in position ij if triple i shared a common element with triple j and “0”
otherwise (for i = j). A function in SAGE to create a graph on such an adjacency matrix is then applied to each
matrix corresponding to an STS(13) and STS(15).

We need to generalize the concepts in the occupancy in the process of the obtaining STS(29). We need to

complete enumerate the data analysis in this field.

I1I.LPROPERTIES OF GRAPHS

Some of the very basic graph invariants will be identical for BIGs of the same order. The number of vertices is
equal to the number of triples, which as mentioned above is n(n—1) 6 . To calculate the degree of a vertex, note
that any element of V is in n—1 2 triples, so for an arbitrary element a in a triple, a is in n—1 ,2 — 1 other triples.
Now multiply by three for the three elements in each triple, and we obtain the degree of each vertex: 3(n—1 2 —
1) =3(n—3) 2 . Thus each BIG is a regular graph. Because the BIGs are regular, their total number of

edges is straightforward to compute using the Handshaking Lemma: (number of vertices) x (degree) / 2.

3.1. PROPOSITION: The block-intersection graph of an STS(n) for n > 9 is strongly regular with parameters
(n(n—1)6,3(n-3)2,n+32,9).

We know the number of vertices in a BIG is n(n—1) 6 and the graph is regular of degree 3(n—3) 2 . Now we
determine the parameters e and f. Consider two adjacent vertices in a BIG. They represent triples B1 and B2
with one common element a; suppose B1 = (a, b, ¢) and B2 = (a, d, €). Then their common neighbors must
intersect both B1 and B2, so four of these neighbors will have the form (b, d, ),(b, e, ),(c, d, ), and (c, e, ), where

denotes any other permissible element of V.
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The other neighbors in common will be the triples also containing a, which appears in a total of n—1 2 triples.
Because B1 and B2 both already contain a, the remaining number is n—1 2 — 2 = n—5 2 . Hence the number of
common neighbors is n—5 2 +4 =n+3 2 . Let B1 and B2 now correspond to non-adjacent vertices.

They must be of the form B1 = (a, b, c) and B2 = (d, e, f). A common neighbor of both of these triples must
contain an element from each. For instance, we know that the pair {a, d} must occur in exactly one triple, so one
of the neighbors in common has the form (a, d, ). Similarly, two other common neighbors are (a, e, ) and (a, f, ).
3.2. Proposition: The block-intersection graph of an STS(n) is distance-regular.

The basic properties of the block-intersection graphs offer a good overview of the highly structured nature of
these graphs. Because the invariants we have covered in this section are the same for BIGs corresponding to
STS(n) on the same n, we will consider other graph invariants in further chapters. First, though, we discuss how
to obtain the Steiner triple systems from which the BIGs are formed.

IV.METHODS OF CONSTRUCTION

4.1. Proposition: If there is an STS(n), then there is an explicit method for producing an STS(2n+1) for any n >
3.

Because we necessarily have n = 1, 3 mod 6, in either case it is true that 2n + 1 = 1, 3 mod 6; hence there is an
STS(2n+1). The triples of the larger system are those from the original system, plus triples containing elements
from {n,n+ 1, ..., 2n — 1, 2n}. For each (a, b, c¢) of the STS(n), we create (a+tn, b+n, ¢), (a+n, b, c+n), and (a,
b+n, c+n). Finally, 10 add the triple (a, a + n, a + 2n) for all a € {0, ..., n — 1}. This process yields three types of
triples that total to n(n—1) 6 + 3(n(n—1) 6 ) + n = (2n)(2n+1) 6 , the right number for an STS(2n+1). Now we
verify that each pair of elements of {0, ..., 2n} appears in exactly one triple. For any pair in {0, ..., n — 1}, there
is a unique triple of the STS(n) containing it. A pair with both elements in {n, ..., 2n—1} or one element in {0, ...,
n—1}, one element in {n, ..., 2n—1} will occur in a triple of the second type. Finally, any pair including the
element 2n occurs in the third type of triple.

4.2. Proposition: If n = 2k — 1 for k > 2, then there exists an STS(n) produced by the lexicographically-least,
backtrack-free method.

V.SKOLEMIZATION

One of the uses of Skolemization is automated theorem proving. For example, in the method of analytic
tableaux, whenever a formula whose leading quantifier is existential occurs, the formula obtained by removing
that quantifier via Skolemization may be generated.

This form of Skolemization is an improvement over "classical” Skolemization in that only variables that are free
in the formula are placed in the Skolem term. This is an improvement because the semantics of tableau may
implicitly place the formula in the scope of some universally quantified variables that are not in the formula

itself; these variables are not in the Skolem term, while they would be there according to the original definition
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of Skolemization. Another improvement that may be used is applying the same Skolem function symbol for

formulae that are identical up to variable renaming.[2]

VI.RESULTS & DISCUSSION

Depending on the number of elements in a set, we may use a different method for constructing a Steiner triple
system. For number of vertices v >= 7, if v = 3 (mod 6) we use the Bose construction; if v = 1 (mod 6) we use
the Skolem construction. We present a different method which works for either case of .
The method is based on a different coloring of the vertices from the traditional coloring. A matrix with
particular characteristics is created that in turn is used to create a tree. If this tree is traversed from the root to a

leaf, a Steiner triple system of a given order is generated. A matrix for v = 29 is shown below.

90000000O0O00O
18000000000
10800000000
11160000000
11%106:0:0:0000
11110500000
11101140000
I E 1:3-3708.24 0 8 0
¥ ¥ FE1°3°73:8:83 08 6
11111011020
¥ 20 AEY .0 012
F ¥ F137°3:731.2 0 % 6
¥ 32030120 0
f £ 23 3¥051-1 2 3 B8
o S S S G ) S S0 S S0 i S
3 & Biler ity @ X
3 E 7131103 0 X
I 3 B3 03 O X
E E 33314081 % 8 X
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