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ABSTRACT

In this paper regularity of five (0,1) “incomplete ”Pal type Birkhoffinterpolation problems involving the Mébius
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I.INTRODUCTION

Let m, = {P(z} € C(z), degree of P(z) = n} be the set of polynomials of degree less than or equal to n with
complex coefficients. Let A(z) € m,, and E(z} € m,, then for a given positive integer = the problem of (0.7 )Pal
type Birkhoff interpolation on the pair {4(z). E{z)} is to find a polynomial F{z) € 7, ~_, which assumes
arbitrary prescribed values at the zeros of A{z) and arbitrary prescribed values of the »™*derivative at the zeros

of Blz).The problem is regular if and only if any P(z) satisfying the corresponding homogeneous system of

equations
Ply) =0 Where Aly;) =0i = 1,2, ...,n
P(z)=0 Where B(z;) = 0f = 1.2, ...m

vanishes identically. Here the zeros of A(z}, B{z) are assumed to be simple. The problem is known as Hermite-
Birkhoff interpolation if A(z) = B(z) [1].

Lacunary interpolation appears whenever observation gives scattered, irregular information about a function and
itderivatives.Hermite-Birkhoff interpolation on real nodes is a well-developed theory[1].P. Turan [2] initiated
the problem of (0,2) interpolation on the zeros of (1 — x*)EB;_, (x), where B,_, (x) is the Legendre Polynomial
of degree n — 1. O. Kis$ [3] solved the problem when the nodes are roots of unity.Regularity of some Lacunary

interpolation problems on non-uniformly distributed nodes on the unit circle has been studied. For the extensive
study on the subject of Lacunary interpolation we refer [4] - [9]. R. Brueck [10] considered non-uniformly

distributed nodes on the unit disk obtained by applying Mdébius transform
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T, (2 =T 0<e<1

to the set U, of the zeros of z™ — 1 and U of the zeros ofz™ + 1. The sets T, (U] &T, (U, are the sets of zeros
of the polynomials defined by

v = z+a)" - 1 +az)"(L1)

w2 (D) =z +a)"+ 1 +a2)"(12)

M.G. de Bruin and H.P. Dikshit, studied certain cases of P&l type interpolation involving the zeros of the
polynomials given by (1.2) and (1.3)[11]-[13]. M.G.de Bruin[14] studied Pal type interpolation problem for nine
different pair of the zeros of polynomials given by (1.2) and (1.3), where one or two of the zeros ofwrzm{z]
and/orvr'inf'{z] is omitted from the set of interpolation points. Such kind of problem is quite different from the
problem, where one or twozeros are added to the set of interpolation points. He omitted the zeros z = £1 from
v ¥ (z) andfor z = —1 fromw, * (z) and summed up all results as ‘incomplete’ P4l type interpolation problem.

Before our investigation, we mention a result on ‘incomplete’ Pal type interpolation, which is more relevant to

the present study:

[y

Theorem 1.1[14]Letw,. ™ (z), v/ (z)be as in (1.1), (1.2) with 0 <a =1 andn =2, then the Pl type

n

interpolation problem is regular for the following pairs of functions:

1-{w§+1{zl%} Z.Iw;fﬂ{z], L,x_f}
S )
7. IW:::EJ (=], 15‘;_'?} 8. Ihléf;ij; %}

Ih'5 Tl e x)}

g+1 1 E2-1

In each case the zeros of the first polynomial of the pair are used to interpolate the value P{.} and the zeros of

the second one for the derivative P'(. .
I1.MAIN RESULTS

M.G. de Bruin[14] omitted the zeros z = +1 from v.*(z) and/or z = —1 from w,.™ (z), while we omit the

zerosz = £1 from v (z) and/or z = { from w, ¥ (z).
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Theorem2.1:Let w. * (2], v/*'(z) be defined as in (1.1), (1.2) with 0 < & = 1 and n = 2, then the (0,1) Pal

12 ,v: If,zj}lsregular

type Birkhoff interpolation problem for[

Proof: Here we have total n + 1 — 1 + n = 2= interpolation points.

The problem is to find a polynomial F{z)} € @y _y With

o i
Plw;) =10 Where w; is a zero of —==1= (2 1)
P(y)=0 Where v; is a zero of v'-“f'{z] (2.2)
Let us take F(z) = E?{ZJ Q(z) € mp_4(2.3)

Thus Plz) € myy ;.

The problem will be regular if Pz} = 0.

Equation (2.3) gives,
a) i » el
i,.f,_'fz:] . [“;Ti I:2:]] Wy, fi':Z:]

From equation (2.2) we get,

W) ()] W)
L)+ [ {vj._}}'?{""”‘”

'[v_i- - ':?}W;jfjl{vj-}l:}"{vj-} + {{L {}[wMi{L ;‘f‘l{b }}Q{Vj} =0(2.4)

As v; is azero of v (z), we get

Pz} =

(vita =1+ ctv_i-]“ (2.5)
From equation (1.3) and (2.5) we get,
Wast () = (1 + @)y + (s + @)"(26)
Wi )]’ = (n + 1)(1 + @) (v + )" (27)
From equations (2.4), (2.6) and (2.7) we get,
(v =y + DQ'(w) + {0 + Dy - ¢) — o + 13Q(v;) = 0,1 £ j <n(28)
Now @iz} € m,_4, the left hand side of equation belongs to 7,,_; and has n zeros
Thus@(z) satisfies the following differential equation
(z—-E+ 10 @ +{n+ )& - - (z+ 110G = Cv. 7 (2)(2.9)
for some constant C. The integrating factor of differential equation (2.9) is given by

I':Z + lji" +1

°@) =075
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The solution of differential equation (2.9) is given by
@ (i) v ()

@@ = ¢ [ 20—
#2e -0+ D
(z+ 1" [(H " @
—_— =0 tldt

c-p =g @

Et+10)"
C——71w, [t =0=0C=10

(t—ﬂ‘ " I::]|:=(_' -
Qlz) = 0.
Theorem 2.2:Let w,.™ (), 4'*'(z) be defined as in (1.1), (1.2) with 0 < & = 1 and n = 2, then the (0,1) Pal

1.-... :z}

type Birkhoff interpolation problem for I v, +1{ZJ - Jis regular,

Proof: Here we have total 2n + 1 + 2n — 1 = 4n interpolation points.

The problem is to find a polynomial Pz} € my, _4 with

Plr) =0 Where v; is a zero of -, (z)(2.10)

. . wi )
Pw;) =0 Where w; is a zero of —=—(2.11)

Letus take P(z) = v\, (2)Q(2), Q(2) € mzn_2(2.12)
Thus P(z) € myy_y.
The problem will be regular if Pz} = 0.

Equation (2.12) gives,
P = v3,Q'@ + [v5,,(D]'Q()
By interpolatory condition (2.11), we have

vl ()0 (w;) + [v8,.. (w; )] @lw;) = 0 (2.13)

By equation (2.11) we get,
(w; + &)™ = —(1 + aw; )™ (2.14)
Equations (1.2) and (2.14)
vies (W) = (@ + @)1+ w))(w; + @) ™(2.15)
[vzml{wj]]' =(@n+1)(1 +a)(w; + «)*"(2.16)
From equations (2.13), (2.15) and (2.16) we get,
w; +DQ (w) + @+ 1DQ(w;) =0, 1sj=2m-1
Now @{z)} € mqy_g, the left hand side of equation belongs to 73, _5 and has 2n — 1 zeros

Thus
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(z+ 10" (z) + (2n + 130z = 0(2.17)

The integrating factor of differential equation (2.17) is given by
olz) = (z + 1)+

The solution of differential equation (2.17) is given by

Qlzlplz) =C
Qiz) = Cz+ 1)y emy_,
Qlz) = 0.

IJARSE
ISSN: 2319-8354

Theorem 2.3:Let w,® (), u/*'(z) be defined as in (1.1), (1.2) with 0 < & = 1 and n = 2, then the (0,1) Pal

) L JI =]
"t, = }lsregular

type Birkhoff interpolation problem for I

Proof: Here we have total 2n + 1 — 1 + 2Zn — 1 = 4n — 1 interpolation points.
The problem is to find a polynomial F(z} € my, _; with

2)

Plw;) =10 Where w; is a zero of — (2 18)
Ply)=0 Where v; is a zero of (2 19)

Letus take P() = 252 012), 0(2) € 720_2(220)

Thus P(z) € myy 5.
The problem will be regular if Pz} = 0.

Equation (2.20) gives,
Wonrs (2)
=9

(@ : e
0@+ ][“"‘““@] Memar) }‘?{z]

P =
(=) P D

From equation (2.19) we get,

el (g el

5 { ) nen ()] wans ()

‘r'+1 Won+1 Wan+i 2 —

v — v, — ¢ {1:'.-— } Q{b_i}—[]
{1:" - 1}“’ r|+:|_{1" }Q {1" } {l::'[;:' - 1}[“' r|+]_|:1" :]] r|+]_{1" }}Q{U_]} = 0(221)
From equations (1.3) and (2.19) we get,

win () = 1+ @) + 1)y + @)™ (222)

Q'(v) +

[Wina1 (V] = (n + (1 + a)(v; + a)™(2.23)
From equations (2.21), (2.22) and (2.23) we get,

(v =D+ D' (w) +H{@n + Dy - ) -+ DYQ(y) =0, 1=j<2n-1

Now @{z)} € mq,_2, the left hand side of equation belongs to 72, _» and has 2n — 1 zeros
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Thus @z satisfies the following differential equation

(- O + DQ'G +{@n + D& -0~ G + DY@ =c 22 2.24)
for some constant C. The integrating factor of differential equation (2.24) is given by
3 I:Z + I:I:n +1
D=0

The solution of differential equation (2.24) is given by
J‘ @ (£) an{i’:] ,
(t—={+1)
{Z+ 1:]:i’!+1 B Iit + 1:]:i’!—1
(z -0 Q@) _C[ (t—¢)?
c (t + 1)
(£ —-9)?
iz} =0
Theorem 2.4:Let w,.™ (), 4/ () be defined as in (1.1), (1.2) with 0 < & = 1 and n = 2, then the (0,1) Pal

0(2)0() = C
1?1::::' (£ dt

2@ =0=c=0

t={

. . . u:ﬂ_jiixfl weE )
type Birkhoff interpolation problem for I‘;T:—}ls regular.
Proof: Here we have total 2n — 1 interpolation points.

Let Piz) = Q{z] where Q(z) € m,_1(2.25)

Thus Plz) € mgy_;

With
2.-'
Ply) =0 Where v; is a zero of —== 1= (2 26)
, . h'f)ix.
Pw;) =0 Where w; is a zero of —=——(2.27)

From equations (2.25) and (2.27), we have

(w; = Doy ()@ (wy) + {0 — D ow)" - % () }@lwy) = 0(2.28)

By equations (2.14), (2.15), (2.16) and (2.28), we get

(wj = 1) (w; + 1)@"(w) + {&n + Dw; — 1) - (w; + 1)}@(w) =0

Now @{z)} € m,_z, the left hand side of equation belongs to @,,_z; and has n — 1 zeros

Thus Q(z) satisfies following differential equation
La)

(Z2-1Q @+ {n +1)z-1) - =z +1)1Q(=) = r:l'g; _{;‘ (2.29)

for some constant C. The integrating factor of differential equation (2.29) is given by
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I::Z + 1:]i’!+1
plz) = z—1)
The solution of differential equation (2.29) is given by
e (&) wy” ()

@@ = ¢ f oWV B
#iae TGy
(z+ 1"t J‘ (t+1)" -
P ———— w, - (t}dt

(z—-1) Q) = (t-E—1)2 " ®

& +1)" (o

C———————=w,  (t) =0=C=10

- —-1)2 " tetteg
iz} =0
Theorem 2.5:Let w® (), u/*'(z) be defined as in (1.1), (1.2) with 0 < & = 1 and n = 2, then the (0,1) Pal

. . . ol (z) wl =)

type Birkhoff interpolation problem for I ‘;1 L}ls regular.
Proof:Here we have total 4n — 3 interpolation points.
Let P(z) = 2222 Q{z] where Q(z) € Tap_s
Thus Plz) € mypy_y
With
Plw) =0 Where v; is a zero of b2 (2 (2 30)

P'(wj) =0 Wherew; is a zero of wé:_‘;':xj (2.31)

From equation (2.31), we get

(wy + Dy (w)Q" (o) + { (s + Dl o’ — w5 ()@ (wy) = 02332)

By equations (2.14), (2.15), (2.16) and (2.32)

(w; + 1)@ (w;) +2n0 (w;) = 0

Now @{z)} € mqy_a, the left hand side of equation belongs to 74, _z and has 2n — 2 zeros
Thus

(z+130'(z) + 2nQ(z) = 0(2.33)

Integrating factor of differential equation (2.33) is given by

plz) = (z + 1)™"
The solution of differential equation (2.33) is given by
Qelz) = C
Qiz) =Clz+ 1y ™ € myp_s
iz} =0
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