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Inequalities for Polynomials having t-fold
zeros at origin.
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Inequality (1) is a well-known result of S.Bernstein (for reference see [5] or [14]),where
as inequality (2) is a simple deduction from maximum modulus principle (see [17]).In
both (1) and (2) equality holds only when P(z) is a constant multiple of z".
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Abstract

7

In this paper we consider the class of polynomials P(z) = 2'(a. + Y a;277"),

J=
t+1 < p < n not vanishing in the disk |z| < k,k > 1 except for t-fold zeros
at origin.For k > 1, we investigate the dependence of Max..—1|P(Rz) — R'P(z)|
and Mazx,1|P(Rz) — P(z)| on Maz.—1|P(z)|, we also estimate Mazx.|_p|P'(z)|
in terms of Max—.|P'(z)|,0 < r < R < k. Our results not only generalize some
polynomial inequalities but also a variety of results can be deduced from it by a fairly
uniform procedure.

Introduction and Statement of Results.
Let P(z) be a polynomial of degree n and P'(z) its derivative,then
Maz,—1|P'(z)| < nMazx;—1|P(z)| (1)

Afa-I‘zi:R>1|P(Z)l < R"J\‘;fazl:!=1|P(3)| (2)
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If we restrict ourselves to a class of polynomials of degree n having no zeros

in |z| < 1, then
Mazjzj1|P'(2)] < 5 Mapi1| P(2)) 3)
R +1
Mazy,_p-1|P(2)] < |4""4’<7fu10|zl=1|P(Z)| (4)

Inequality (3) was conjectured by Erdds and later verified by Lax [12], where as
Ankeny and Rivilin [1] used (3) to prove (4).
As an extension of (3) Malik [13] verified that if P(z) does not vanish in |z| <
k.k > 1, then
n
Mazp|P'(2)] < mMaI;z;:ﬂP(z)l (5)

Chan and Malik [6] generalized (5) in a different direction and proved that if P(z) =
ag + i a;z7,1 < p < n is a polynomial of degree n which does not vanish in
|z] < Jk_,uk > 1, then

n

AvIaII:|:1|PI(Z)| S l+k”

Maz | P(z)| (6)

Inequality (6) was independently proved by Qazi [16, Lemma 1],who also under the
same hypothesis proved that

n 1
4 |0 gt

14 kitt 4 B2 |(kptl 4 k20)

Ar{a;r|23=1|P'(z)| <n ( -Ma-f|zj=1|P(z)|) (7)

Recently, Aziz and Shah [4] investigated the dependence of Mazx,—| P(Rz) — P(z)|
on Mazx.—1|P(z)|, where R > 1 and proved the following results.

Theorem A. Let P(z) =ag+ Y a;z’ be a polynomial of degree n which does
J=H
not vanish in |z| < k where k > 1 the for every R > 1 and |z| =1

1+ (fomt) e ot

1+ ket + () lom | (kT 4 k)

|P(Rz) — P(z)| < (R" — 1) Mazp—1|P(2)|  (8)

they also proved the following improvement and generalization of a result due to

Bidkham and Dewan [9].
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Theorem B. If P(z) = ag+ Z a;z’ is a polynomial of degree n having no zeros
in the disk |z] < k. k >0, thenf0r0<r<R<k

nRY(RE 4 )

Maz, _p|P'(z
P ()] < T

{Mas PG| - Mim PG @
The result is best possible and equality holds for the polynomial P(z) = (2* + k“)ﬁ
where n 1s a multiple of p.

In this paper we consider the class of polynomials P(z) = z'(a, + Z a;z’7Y),
=

t+1 < p < n, not vanishing in the disk |z| < k,k > 1, except at t-fold ze-
ros at origin and investigate the dependence of Max,—i|P(Rz) — R'P(z)| and
Mazxp,—1|P(Rz) — P(z)| on Max,—1|P(z)|, we also estimate Maz.—g|P'(z)| in
terms of Max,—.|P'(z)],0<r < R<k.

We shall first present the following generalization of Theorem A as a special case
which also provides a variety of results.

n

Theorem 1.1. Let P(z) = z'(a; + Z a;z’7*),t + 1 < p < n, be a polynomial
J=n
of degree n, which does not vanish in |z| < k, k > 1 except for t-fold zeros at origin
then for every R > 1,|z| =1

L+ (g )|
- Mazy, 1| P(z
1+ kit 4 Ri—1 )I%’:‘l(k”+l+k2")} arl-l—ll ()]

|P(R2)~R'P(2)| < (R" R'){ (10)

R -1
Remark 1. If we take ¢ = 0 in inequality(10), we get Theorem A.

The following result which also provides an interesting generalization of Theorem A
can be easily deduced from Theorem 1.1.
n o
Theorem 1.2. Let P(z) = z'(a, + ) a;j2’*),t +1 < p < n, be a polynomial
J=p
of degree n, which does not vanish in |z| < k, k > 1 except for t-fold zeros at origin
then for every R > 1,|z| =1

|P(Rz) — P(z)| <

RE—1 V| Ok fL.pu+l
{(Rt—l)-i-(Rn—Rt) ( 1+(R" T 1)| II‘ ) }A.]ar!z]:llp(z)l (11)

T o () [ (T 7 )

Remark 2. If we take t = 0 in inequality (11), we get inequality (8)
If we use the fact that |P(Rz)| < |P(Rz) — P(z)| + |P(z)|, then the following

corollary is an immediate consequence of Theorem 1.2.
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n .
Corollary 1.1. Let P(z) = z'(a, + ) a;277"),t + 1 < p < n, be a polynomial
J=n
of degree n, which does not vanish in |z| < k, k > 1 except for t-fold zeros at origin
then for every R > 1,

R" (l_i_(Rlz‘:-_ll)lZ_“kuH)+ku+1+(le‘_—_ll)|<;_;:,k2u

Mazx).—r>1|P(2)| <
1 a.r],,|_R>l| ( )| = 1+ knutl _l_(RI:f:‘-_ll)l%%l(k?u +ku+1)

Maz; 1| P(2)].  (12)

The nequality

Rt —1 = B
R t—1"n—t
holds for all R > 1 and £ + 1 < p < n.To prove this inequality we observe that it is
trivial for R = 1 and for R > 1 it easily follows when y = n — t.Hence to establish
(13).it suffices to consider the case t +1 < p<n—1and R > 1.Now if R > 1 and
t+1<pu<n-—1, then we have

(13)

pR"™ " —(n—t)R' +(n—p—t)y=pr-(t” - " —1)—(n—p—t)(R* - 1)
=(R— 1){;11?“(1?""‘““ + R L +1)

—(n—t—p) (R R+ 1)}
> (R— 1){ﬂ(n.—t—p)1?"‘ = (n_t_u)uRu—l}

=pn—t—p)(R—1)2>0.

This implies u(R"*—1) > (n—t)(R*—1) for all valuesof R > 1 and 1+t < p < n—1.
which is equivalent to (13)
with the help of inequality (13),a simple consequence yields.
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R" (1_}_(}{13#‘11)'0“ Ik;ﬁ—l) ku+1 (Rfjﬂlll)la,,lkou
1+ 84+ + (gemrey) 22| (k% + boet1)
R (1 |21 ) et | 2
(14)

<
- 1 + knutl +ﬁl';—’:|(k‘-’“+k“+1)
Hence from Theorem 1.2, we easily deduce the following.

Corollary 1.2. If P(z) = 2'(a; — Z a;227t),t+1 < p < n, is a polynomial of

degree n, which does not vanish in |z | S k,k > 1 except for t-fold zeros at origin

then for every R > 1,

Rﬂ(1+L|2y_|ku+l) R 2

Maz,—p-1|P(2)] < 1+ bl ““](k°ﬂ +IJ‘+1)

1‘](11‘|Z|:1|P(2)|. (15)

Inequality (12) provides a refinement of a result deu to Govil and Dewan ([8],The-
orem 1.9) which is also a special case of inequality (15) when p = ¢ + 1.Next if we
take g =t + 1 in Theorem 1.2,we get.

Corollary 1.3. Let P(z) = 2*(a, + Z a;z’7"),t +1 < p < n, be a polynomial

of degree n, which does not vanish in |z | 5 k,k > 1 except for t-fold zeros at origin
then for every R > 1,

|P(Rz) — P(2)| <
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1+ (E5)) ot e
R—1)+(R"—R ol }Maz 1|P(z)]. (16
{r-1ys—py L e il PG (16)

Taking ¢ = 1, in (16),we get inequality (14) of Aziz and Shah [4].
Remark 3. Dividing the two sides of inequality (16) by R-1 and making R — 1,

it follows that, if P(z) = 2*(a,+ Y_ a;277*),t+1 < p < n, be a polynomial of degree
J=u
n, with t-fold zeros at origin and P(z) # 0 1in |z| < k, k > 1, then
4 (n— ) (14 (L)) e o2
l — 14 ktt2 4 (H—l)la:*ll(ka- kH—?)

|P'(2)

Maz;=1|P(2)|. (17)

Inequality (17) is a refinement of inequality (5) and for ¢ = 0 it reduces to in-
equality (15) of Aziz and Shah [4] which is a refinement of inequality (5) and was
independently proved by Govil,Rahman and Schmessier [11]. Using (13) and the

a . . .
fact Lil—”k“ < 11t can be easily verified that
n— ar

1+ (5|2 [k 1
14+ kutl (RIK'_—I)Iag |(k2“ 4 k““) — 14k

By using these observations, the following result is an immediate consequence of
Theorem 1.1. .
Corollary 1.4. If P(z) = 2'(a; + Y a;277"),t +1 < p < n, is a polynomial of
J=n
degree n, which does not vanish in |z| < k, k > 1 except for t-fold zeros at origin
then for every R > 1

(18)

R" — R
|P(Rz) — R'P(2)| < 1+—k”a’r' =1|P(2)] (19)

and it follows that

(R™ + k*)+ k*(R*—1)
1+ kH
Inequality (20) is a generalization of a result due to Govil and Datt [7, Theorem
1.6]. Also for t = 0,k = p = 1 inequality (20) reduces to inequality (4) due to

Ankeny and Rivilin.
Next we shall present the following generalwatlon of Theorem B.

Mazisyp| P(2)| <

Maxzx,—|P(z)] (20)

Theorem 1.3.If P(z) = z"(a; + Z a;z"),t+1 < p < n, is a polynomial of
J=u
degree n, having no zero in the disk |z| < k,k > 0 except for t-fold zeros at origin
then for 0 <r < R > k,
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M _p|P’ < 2
azi—r|P'(2)] < T

B 1 (RH Y (R
(n— R (R* 4+ 1) {RA'IaJ:;z|=r|P(Z)|

.rl

R t
- —A'hn[z|=k|P(z)|} + —=Mazx,)—g|P(z)|. (21)

kt R

The result is best possible and equality holds for the polynomial P(z) = (z#* + k*)&
where n 1s a multiple of p.

Remark 4. Taking { = 0 in Theorem 1.3 we get Theorem B.
If we take g =t + 1,7 = 1 in Theorem 1.3, we get the following result.

Corollary 1.5. If P(z) = 2* Y a;2z7) is a polynomial of degree n, having no

J=t+1

zero in the disk |z| < k,k > 1 except for t-fold zeros at origin then for 1 < R <k,

n—t

(n— )R (R 4 k)
Rt+1 4 ft+17 (1+ k“'*l)"‘_;‘!

Alar|2|:R|P’(z)| < {R‘.Maa:|z|:1|P(z)|

t

mMazi:—r|P(2)|. (22)

RL
== F;\flin-m:klp(zﬂ} +

The result is sharp and equality holds for P(z) = (z* + k“)ﬂ',p =t+1
If we take R = k = 1 in corollary 1.5 we get the following generalization of a result

due to Aziz and Dawood [3]

n—t

2

n+t
2

Maz, 11| P'(2)| < Maz,—1|P(z)| — Min, | P(z)|.

The result is best possible for P(z) = (z + k)™.

If we take R = k£ = 1 in Theorem 1.3, we get the following generalization of a result
due to Aziz and shah [4, Cor. 6].

Corollary 1.6. If P(z) = 2"(a, + >_ a;27 "),t + 1 < p < n, is a polynomial of

J=n
degree n, having no zero in the disk |z| < 1, except for t-fold zeros at origin then
for 0 <r <1,

n—% 2 n=t 1
2 .(1—\‘-7‘“) # F{i\-fa;r]zl:r“J(z)l

ﬂ‘fa:l,'|3|:1 |P’(3)I =

— A"I'i‘n|3]=1 IP(Z)l} =+ t1\{a1'|z,:1|P(z)|.

The result is best possible and equality holds for the polynomial P(z) = (2* + 1)&
where n is a multiple of p.
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Lemmas

For the proofs of these Theorems we need the following Lemmas. The following
Lemma is due to Aziz and Shah [4].
Lemma 1. If P(z) = ao+ Y a;2’ is a polynomial of degree n having no zeros
J=u
in the disk |z| < k,k > 1 then for every R > 1 and |z| =1

1 R::l Oy k_u+l
|P(Rz) — P(2)| < k,L{ e }IQ(Rz)—Q(z)I (23)

i1 =
Foalal +1

Lemma 2. If P(z) is a polynomial of degree n Then for every R > 1

|P(Rz) — P(2)| + |Q(R2) — Q(2)| < (B — 1)Maz;1=| P(2)| (24)
The above Lemma due to Aziz, [2](see also [10])

Lemma 3. If P(z) = a9+ Y a;2’ is a polynomial of degree n having no zeros

i=n
in the disk |z| < k,k > 1 then

| :
Maz, 1| P'(z)] < m{ﬁf&rupllp(‘?” iy 1"['2"|z|:k|P(3)|} (25)
The Lemma was proved by Dewan and pukhta, [15].

Lemma 4. Let P(z) = ay+ Y. a;z7 be a polynomial of degree n such that

i=p

M(P,r) = Maz,—.|P(z)] and m(P,r)= Minp-.|P(z)|.
If P(z) has no zeros in |z| < k,k > 0thenfor 0 <r < R <k.
kR \E i kk\ e

The result is sharp and equality holds for the polynomial P(z) = (z* + k*)% where
n is multiple of p.
Lemma 4 is due to Aziz and Shah [4].
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Proofs of Theorems

Proof of Theorem 1.1. Since P(z) = 2'(ar + 3 a;iz? ) =2H(z),t+1<pu<n

does not vanish in |z| < k,k > 1 except for t-fold zeros at origin.Applying Lemma
1 to the polynomial H(z) of degree n — t, we get,

k#'ﬂ (RR“ _l [kll 1+ 1)

1+ Rn E ] ll"“+l

|H(Rz) — H(z)| < |G(R2) — G(2)| (27)

Where,

Inequality (27) with the help of Lemma 2 implies that

JoH+l ( R“ 1 | lku 1) +1
1+
{ 1+ Rn - | |LM+l

}IH(Rz) _H(z)|
< |H(Rz) - H(2)| + |G(Rz) — G(2)

< (R = 1)Mazp,1—1|H(z)|
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This gives

1+ R" 1 | ‘Illku+1
Mazx,—1|H(z)|

|H(Rz)—H(z)| < (R""—1)

L frt o A5 & (k2 4 ket

or

=t “—“u\.ﬂ“
R H (Re)~RH(3)] < (R —R) | o R’S”.‘,I““l(k?"+k"+‘) Maz_1|H(2)|.
This gives,

Re—1 1
1+ Rn—_e— 'k“+l

1 ftl 2 1&; k% fnt) Maz; 1| P(2)|

|P(Rz)—R'P(z)| < (R"-R')
which is inequality (10) and this proves Theorem 1.1 completely.

Proof of Theorem 1.2. From inequality (10) it follows that

a
Lok R’i“, = i Ll

N P~ N pt n_ pt rg .
|P(Rz)—P(2)+P(2)-R'P(z)| < (R"-F) [ e L ll—ﬁl("°“+l\u+l) Maz, 1| P(z)|

14 2L |A,~+‘
=13 > [ Tl n _ Pt A a: >
P(Re)=PG) < | (B =)+ (= B = Au+1+,{:“,*1 e | | Maal PG

which is inequality (11) and hence Theorem 1.2 is proved.
Proof of Theorem 1.3. By hypothesis P(z) = z'(a, + Z a;27%) =2t H(z),

t+1 < p < n does not vanish in |z| < k,k > 1 e\c(ept for t fold 7eros at origin,
therefore the polynomial F(z) = H(Rz) has no zeros in |z| < !; + = 1 Applying
Lemma 3 to the polynomial F/(z) we get,

we get

F'(2)| < 1n+ (Map,, 1|F(2)| — Min,_ k|F(4)|)

-'slcr

which gives,

n—t)RH1 :
WMo BT 2 ﬁ{l\fﬂm:nllﬂzﬂ . M-z-nmzle(z)l-} (28)
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Now if 0 < r < R < k,then by Lemma 4 we have,

r# + k*
R¥ 4 kH

T“ + kl‘ n_“—i )
i {1 B (Ru T k“) }Mm'z'zle(z)l .

From (28) and (29) it follows that

Maz . —p|H(z)| < ( ) Maz,—.|H(z)|

> Maz,|—.|H(z)|

- p—1 i
Mam,:,=R|H'(z)|<("' L {(R“ it

—  RM 4+ KM ™ + kM
R+ K\ %
- ( iy ) Afh'n.|z|:k|H(z)|.}

_(n—t)R*! (Rr4 R
O ORR R\ rH ke

) ' {.Max|z|=r|H(z)|—1\Iin;z|=k|H(::)|}

since
P'(z) = 2'H'(z) + t2" 1 H(2)

Mazy,_g|P'(z)| = Maz,—g|z"H'(z) + t2""1H(z)|

< R'Maz—g|H'(2)| + tR 'Maz,—g|H(2)|
Y - T A e TR TR
_ R ((” s {R i } {Afazm:,m(zn_Mm,z,zk|H(z)|})

Rr 4 kn TH 4 kM
t

TR

R"l\farp[:RlH(z)l
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—1

1 \pp=1 1} i 3—' t
_{B—=5)H {" “} (i.\/m-.,,.|r'11(;-,-)|—n’.\lnzlwgﬁ(:)|)

Ru + ku ‘I‘“ + A.u r
t
+ ﬁ"”“"'izizlf|m’-’]|
(R R cena B -
= { L } (,T.Uu;z 4=r|P(2)| — r—,-"[”":;:klp(-- ]I)
t
+ ﬁ;\[(l.,l‘1:1:](|[)(l]|

which 1s equivalent to inequality(21) and this completes the proof of Theorem 1.3.
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