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ABSTRACT

Here we introduced a new advance subclass P(§ : 7/) of class P(5) of analytic functions by using
principle of subordination also obtained its sharp upper bound and Fekete Szego inequality for function

f(z)= z+ianz”,|z| <1
n=2
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I INTRODUCTION

00

The class of function of the form f(z)=z + Zanz", which are analytic in the unit disk

n=2

E ={z:|2| <1} are denoted by class A

o0

The class of function of the form f(z)=z+ > a,z", which are analytic and univalent in the unit disk

n
n=2

E= {z |7 < 1} are denoted by class S.

In (1916), Bieberbach [4, 5] proved a very useful result for the function of class Si.e. if f (z) € S then

|a,| < 2.after this he stated that this result is also true for all values of n. If f(z)eS then
la,|<nVneN

In (1923), Lowner [2] proved the above result for third coefficient that|a,| < 3. And it was natural to
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find out some relation between a,and a; for the class S this famous relation was obtained by Fekete
and Szego [6] with the help of Lowner’s method.

3—4u if u<0
Let f(z)e S, then ‘as—uaf‘s 1+exp(1_ﬁJ if 0<u<l
4y—3 it u>1

This inequality is very much helpful in obtaining estimates of higher coefficients for some subclasses of S
(See Chhichra [1], Babalola [3]).

Now we define some subclasses of S

A function f(z)e A is convex function if it is univalent in E and f(E) is a convex domain. We
denote the class of convex functions by K.

For a function  f (z) € A if there exists a function

9(z)=> b, z*,Re(b,)> 0
k=1
which is univalent and starlike in E such that

Re zf_(z) >0,zeE
(9(2)j

This class of close to convex function was introduced by Kaplan in 1952 and

we denote the class of close to convex functions by C.

Analytic bounded functions: Class of analytic bounded function is of the form
w(z)=>"c,z",w(0)=0,w(z) <1.
n=1

It is known that |c,| <1,[c,|<1— |cl|2 :

Here we have a class as
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ST (f(f(2)=1f(z)eA (f(2)'(2) <12 el and the important  subclasses of this
f(f(2)) 1-7

(21 s
. S*(f(f(Z)),A,B)Z{f(Z)eA;Zfl(f((:zzg)'(z)<cig§j,26E}

. )
(Z)< 1+ Az ,Z € E+ Here the symbol <
) 1+ Bz

stands for subordination.

Il MAIN RESULTS

Theorem1: Let f(z)e S*(f(f(z)))then

1 .
——uif u<0;
5 it p
‘a3—,ua§‘s %;if 0<u<l;

1 .
——:if u>1
peitp

Proof: By definition of f(z)e S*(f(f(z))), we have '(1(2)

While expanding the above series , we get
1+4a,2 +(6a, +6aZ 2% +...= (L+(2a, +2¢, )z + (4a,c, +2¢7 + 2, +2a, +2a2 )22 +...)

Comparing coefficients

a, =¢, and
c, +¢C’
a,=—+—=+
2

By using above values, we obtain
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|Cl|2

oy - ] < 2l + o - s

by using def. of bounded analytic function we redefine the above equation as
o] < |y Jo
3 2| — 2 2 2 1

CASE 1: when u < % equation * can be rewritten as

*

1 2
‘a3—;ﬁ§‘£5—y|cl| L
SUBCASE 1(a): when u < Othe equation ** redefined as
2 1
2 - | < S - (A
SUBCASE 1(b): when x> 0 the equation ** redefined as
1
‘as—yaj‘gi ...(B)
CASE 2: when u > % equation * can be rewritten as
o 1 2
] Gl e
SUBCASE 2(a): when g <1the equation *** redefined as
1
‘as—yaf‘gi ...(C)

SUBCASE 2(b): when g >1the equation *** redefined as

- se| < -2 (D)

By combining the above (A,B,C,D) inequalities we get our result
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1 .
Z—uif u<0;
, THIT a

‘as—yazz‘s %;if 0<u<l

1 .
—=if u>1
H 5 H
Thus the theorem is proved.

-1
. . - 1
The extremal function for the 1% and 3" inequality is z(l— Z+ 2 zzj

The extremal function for 2™ inequality is T
(1-22)a

Theorem2: Let f(z)eS*(f(f(z)), A B)then

BB-A) (A-B) . . 1+B
- , if u< ;
s s "HEBTA
A-B. .. 1+B 1-B
—ai < —— f <u< ;
s i< = i g sus T
B(A-B) (A-B)Y. . 1-B
, i >
s g "N TE

Proof: By definition we have Zf'(f(2)f'(z) 1+ Aw(z)

f(f(2)  1+Bw(z)

By expanding the series

1+4a,z + (6a3 + 6a§)z2 oo
=1+((A=B)c, +2a,)z + (2a, + 2a2 )+ (A—B)c, + (B? — AB)? + 2a,(A— B,

Comparing coefficients of ()

(A_ B)Cl

2

(A-B, + (8- AB)?

4

a, =

a; =

By using above values, we get

271 | Page




International Journal of Advance Research in Science and Engineering

Volume No.07, Special Issue No0.08, March 2018
www.ijarse.com

IJARSE
ISSN: 2319-8354
A-B 1

4“3 ~ AB - u(A-B)’|-(A- B)|c,

‘a —,uaz‘<

B® -
CASE 1: when u <

——— equation * can be rewritten as
(A-B)

A-B 1

a, —,uaz‘_——z(B+1)(A—B)+,L1(A—B)2]Cl|2 e
1+B . .
SUBCASE 1(a): when u < A the equation ** redefined as
BB-A) (A-B)
— < (A
R R (")
1+B . .
SUBCASE 1(b): when x> A the equation ** redefined as
A-B
CREHE .--(B)
B? —
CASE 2: when 1 > ————— equation * can be rewritten as
2, ,uaz‘_u—%(l—B)(A—B)—y(A—B)Z]Cl|2 LA

SUBCASE 2(a): when z < 1-

?3 the equation *** redefined as

A-B

‘a _Naz‘< ...(C)

SUBCASE 2(b): when x> 1=

5 the equation *** redefined as

B(A-B) (A-B)
‘a —,uaz‘< 2 +u 2 ...(D)
By combining the above (A,B,C,D) inequalities we get our result
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la, -l <1 = i <ps BB;

Thus the theorem is proved.

. . o A+3B _ A8
The extremal function for the 1% and 3" inequality is z[1+ zj

z

- nd - - -
The extremal function for 2™ inequality is —

(L+2B2%) @

Corollary 1: Putting A=1,B =-1 in above theorem, we get

1 ]
——uif u<o0;
M

la, — 8| < %;if 0<u<l;

1 .
—=if u>1
peithu

Thus this is the result of theorem 1
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