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ABSTRACT

A "general" continued fraction representation of a real number X is one of the form

Where ay,aq, . ... and by, b, .....are integers. In this article we define convergents of a finite continued
fraction and continued fractions with positive quotients and discuss fraction algorithm and Euclid’s

algorithm.

INTRODUCTION:

Define a function f(n) = a, + — : e ST (a)
! 2t g3 F

Consisting of N + 1 variables ag, ay, ... ... ,ay as a finite continued fraction. As the representation
(@) is cumbersome, we shall usually write it as [ag, aq, .....,a,] and we call agy, ay, ....,a, the partial

quotients or simply the quotients of the finite continued fraction. As above we see that [aq] = al—" :

1 1
[ao, al] = Zods ,[ao, aq, az] = Ga@1dotdatdy Therefore [ao,al] =Qay +— and
aq a2a1+1 aq
o 1
Similarly [ag, a4, ... ... A1, 0n = [@g, A1, v vy A2, @y +a—] .............. (1.1)
i.e. [ag, aq, . o ,a,] = ag o] - [ag,[@g, A1, eer o ,a,]], forl<n <N

N.
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Definition: The quantity [ay, a, ... ... ,a,] for (1< n < N) is called nth convergent
to [ag,aq, ... ... ,ay]. Also it is easy to find the convergents by means of the

following theorem.
Theorem 1.1: Let p,, and q,, be defined as under py = ay, p1= a1a9 + 1, p, = a,
Pn_1+ Pn_r» (2<n <N)and

G1=1,q1=a4,9, = a, Gn—1 + qn— (2< n < N)then [ay, a4, ... ... Ay =—

Proof: For n=1 and n =1 theorem is obviously true.

Let suppose that result holds for n < m, where m < N. Then

—Pm _ Am Pm—-1+Pm—2
[aOr Apyee e ’ am—l,am] - T , and Pm-1Pm-2+ Qm—-1, Qm-2 dEpend
dm am qm-11tqm-2

only upon ay, a4, ... ... Ay 1
Hence using (1.1) we get [ay, a4, ... ... A —1 Ay Am41] = [ag, g, oo oo e R
(am+——) +
1 — VM amyl Pm-17 Pm-2 — An+1@mPm—1+Pm—2)+Pm -1 — Am+1Pm tPm -1 - Pm+1

Am+1 a (am +ﬁ)qm_1+ qm—2 B am+1@nqm-1tqm-2)+tqm-1 Am+19m tqm-1 dm+1
Hence by induction the theorem is proved.
Note: Frompy = ag, p1=a1a9 + 1,0, = a,, Pr—1 + Py (2<n <N)and

=l qu=a1,9, = a, Q-1+ qn—z (2<n < N) it follows that

Pn - AnPn-11tPn—2
n anqn-1tqn—-2

AlSO PGy 1~ Prn-1Gn = (@ Prn-1 + Prn-2) Gn-1 — Pn-1(Qn qn-1 + qn_2)
= - (Pr-19n-2 — Pn—2qn-1)-

Repeating the argument with n-1, n-2,...... ,2 in place of n, we get
PnGn-1-Pn-1Gn = (=" (p190-Poq1) = (=1)" .

AlSO prqn—2- Pn—2qn = (an Pn—1 + Prn—2) Gn—2 Pn—2(An Gu-1 + qn_2)
=y (Pp-1Gn—2 = Pn—2Gn—1) =(=1)" " a,.

Remark: The functions p,, and g,, satisfies the following.
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— (_1)n—1 or Pn_Pn-1 (nrt
qn dn-1 dn—-19n

Pndn-1-Pn-194n

Pn _Pn-z _ (=D""'a,
dn qn-2 dn—-29n

Also they satisfy p,q,,—>- Py—2qy = (=1)"a, or

Definition: Now we assign numerical values to the quotients a, so to the

. 1 .
fraction a, + T and to its convergents.
art—1
A —
N
aN
Now suppose that a; > 0,........ ,ay > 0, ay may be negative , in this case the

continued fraction is said to be simple. Write x, = zi, X = xp SO that the value of

n

the continued fraction is xy or X. Then

[ag, ay, ... ... ,ay] =[ag, a4, ... ... e S [/ S, B P ,ay]]

Ay Ayt yeeeenny a 1+ v,
- [an,ani1 NIPn—1tPn—2 fOI’ ZS n< N.
[an,an+1,een@N]qn -1+ qn-2

. - _ -1 n—1
Note: As every q, is positive then from 2z . Pnz = CD° a0 gnq o 5
dn qn-2 An-29n

0,ce.... ,ay >0, x, —x,_, has the sign of (—=1)". Which proves that the even

convergents x,, increase strictly with n, while the odd convergents x;,.4

decrease strictly.

Also from 2z - Pnt = CD"
dn 49n-1 dn—-19n

, X, — X,_1 has the sign of (—=1)"1

so that x,p, 41 > X2, coONtrary if we assume that x;p, 1 < x5, for some m, p.1f m
<u then from above x;p, 41 < X2, and if m <p  then x;,.1 < x,,Which is a

contradiction. Hence we say that every odd convergent is greater than any even
convergent.
Definition: If all a, are integers then the continued fraction is called Simple

Fraction. If p,, and q,, are integers and q,, is positive then
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[ag, aq, ... ... ,ay] = S—N = X, we say that the number x ( which is necessarily
N

rational) is represented by the continued fraction.

Theorem 1.2: g,, = n, with inequality when n > 3.

Proof: In the first place, go =1, q; =a; = 1. If n> 2 then

dn = An,qn-1% qn—2 = q,—1t1lsothatq, >q,_1 and g, = n. If n> 3, then

qn Z qn-1* Gn—2 > qn—1+1 2n,and so g, > n.

Definition: Any simple continued fraction [ag, a4, ... ... ,ay] represents a rational
number X = xy

Theorem 1.3: If x is representable by a simple continued fraction with an odd

(even) number of convergents, it is also representable by one with an even (odd)

number.
Proof: If a, =2 then [ay,ay, ... ... ,a, ] =[ag, aq, .. ... ,a, — 1,1] while, if a,, = 1,
[ag, ai, ... ... ,an-1,1] = [ag, a4, ... ... , Ao, a4, + 1]

For example [2,2,3] = [2,2,2,1] this choice of alternative representations is often

useful. We call a,, = [a,, Gyiq, - - ,ay] (0 <n < N) the nth complete quotient
of the continued fraction [ag, ay, ... ..., ay]. Thus x = ay, X = %"“ and

1
x=&Pri®Proz o< <N) (b)

a%Qn—l*'Qn—Z'
Theorem 1.4: a, = [a,], the integral part of a, except that ay_; = [ay_1] — 1
when ay = 1.
Proof: If N =0, then a, = ay= [ay]. If N > 0then a,= a,+ — (0 < n < N-1).

An+1

Now a,,; >1(0 <n < N-1)exceptthata,,; =1whenn=N-1and ay = 1.
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Hence a, < a, <a, +1(0 <n < N-1) and a, = [a,] for (0 <n < N-1) except

in the case specified. And in any case ay = ay = [ay].

Theorem 1.5: If two simple continued fractions [a,ay, ... .. ,ay] and
[bg, by, ... ... , by ] have the same value x, and b, > 1, then M = N and the fractions
are identical.

Proof: When we say that the two continued fractions are identical we mean that
they are formed by the same sequence of partial quotients.

By the above theorem a, = [X] = b,. Let us suppose that the first n partial quotients
in the continued fractions are identical and that a,, and b,, are the nth complete

r

quotients. Then X = [ay, aq, ... ... LAy _1, 0] = [ag, Ay e o ,Qn_1,b,].

If n = 1 then a, +ai, = qq +bi, ,a; = by, and therefore by above theorem a; = b;.
1 1
If n> 1. then by a%lpn—1+pn—2 - b;’lpn—l‘l' Dn—2
’ Anqn-1tqn-2 ann—l"'CIn—Z ’
(a‘;’t_ b‘ll’t)( Pn-19n-2 — Pn-29n-1 ) =0.But py_1Gn—2 = Pn—2qn-1 = (_1)71 then
as PnGn_1 —Pu-1q, = (=1)"7! and so a, = b, it follows from the above

theorem that a, = b,,.

Suppose now for example, that N < M. Then our argument shows that a,, = b,, for

NSM IfM>Nthenz_:]l:[ao,a1, ...... ,aN]:[ao,al, ...... ,aN,bN+1, ...... 'bM]

— byyiPvtPN-1
by 119N+ qn-1

, Hence by (b) pygn—1 — pn—195 = 0 which is false. Hence M = N

and the fractions are identical.
Continued fraction algorithm and Euclid’s algorithm:

Let x be any real number, and let ay = [X]. Then x = ag+ &;, 0 < &, < 1.

If & # 0, we can writefi: aj, [a,]=a,a;=a; +&,0<§ < 1.
0
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If & + O,Wecanwritefiza'2 —a, +&,0<& < 1,andsoon
1

1

Also a,,= > 1, and so a, > 1, for n> 1. Thus x = [ay, a;] = [ag, a; + ai,] =
2

n—1
[ag, a1, ar] = [ag, a1, az,a3]=........ where ag,aq, a,...... are integers and
aq > 0, a, > 0, ..........

The system of equations X = ag+ &, (0 < &, < 1),

1 1
e a +&, 0 <1),

1 1
5~ @ =a,+¢&, 0<&<1),

.............. 1s known as the continued fraction algorithm.
The algorithm continues so long as &, # 0. If we eventually reach a value of n, say
N, for which &y = 0, the algorithm terminates and X = [ag, a4, ... ... ,ay].
In this case x is represented by a simple continued fraction, and is rational. The
number a, are the complete quotients of the continued fraction.
Theorem 1.6: Any rational number can be represented by a finite simple continued

fraction.

Proof: If x is an integer, then &, = 0 and x = a,. If X is not integral, then x = %

where h and k are integers and k > 1. Since % = agt &y, h = apk + &k, ag is the

quotient, and k; = &,k the remainder, when h is divided by k.

If & # O then a; = éi = X and ki =ay + &, k=a1ky +&kq; thus a; is the
1

o k1
quotient, and k, = & k; the remainder, when K is divided by k;.Thus we obtain a
series of equations h = agk + k4 , K=ajki +ky ki =ayky +ksyoovioiinnl.

Continuing so long as &, # 0, or what is the same thing, so long as k,, .1 # O.
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The non-negative integers Kk, ki, ko, ... ... .... form a strictly decreasing sequence,

and so k, .1 = 0 for some N. It follows that &, = 0 for some N, and the continued
fraction algorithm terminates. This proves the theorem.
Remark: The system of equations
h=ayk+k;, (0<k; <k),
K=aiky +ky, (0<k, < ky),
ky—z=ay_1ky_1+ky, (O<ky < ky_1),

ky_1 = ayky 1s known as Euclid’s algorithm.

Difference between the fraction and its convergents:

nPn—1+Pn_
Suppose N > 1 and n > 0 then by x = Pn=17Pn=2 = (1 < < N-1) and so
Anqn-1t+qn-2
1= Pn-— " 1
x-Pno. PndnciTPuotgy - CD JAlsox -2 =x-aqy=—.
an dn @n419n+tqn-1)  qn @n419n+qn-1) q0 aq

If we write g; = ay, 4, = @yGnq1 + Guy, (L <n <N-1)

(So in particular gy = qy), we have the following theorem.

Theorem 1.7: If 1 <n < N-1,then x-2= L
dn dn 9n+1

Proof: a,,1 < @41 <@, tlforn< N —2,

by the equation a, <a, <a, +1 (0 <n < N-1), except that ay_; = ay_; +1
when a, =1. Hence if we ignore this exceptional case for the moment, we have
41 =a; <a; +1< g and Gpyq = A1 n + Gt > Gnp1n + Qo1 = Gut

qn+1 < An+19n + Qn—1+ qn = qn+1+qn < An+29n+1 + An = 9n+2,
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for 1 <n < N-2. It follows that ﬁ < b, — quX| < qi (n < N-2) while
n+2 n+1
loy—1 — qn-1X| = qi py — quX = 0 in the exceptional case q;l“ < Api1qn +
N

Qn—1+ qn = Qn+1+qn < An+29n+1 + qn = dn+2 must be repIaCEd by

qllv_l = (|aN_1 + l) qN—2+ qn-3 = qN—1+ dn—2 = q4n and the fIrSt |nequa||ty In the

case q; <|p, — q,X| < q; (n < N-2) by an equality. In this case shows that
n+2 n+1

Ip, — g, X| decreases steadily as n increases, Since g,, increases steadily, |X - Z—:
decreases steadily.

We may sum up the most important conclusion in the following theorem

I.e. If N >1, n >0 then the differences x - Z—:, qnX - Dp = %, where0<§, <1
(L<n <N-2)6y1=1x-2| < qnqlnﬂ < qiz for n < N-1 with inequality in

both places except whenn =N — 1.
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